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RD from Scalar to System of Equations

Scalar Equation: Flux Difference RD

Given the scalar equation,
ety U+ V- fu) = 0. (1)

Considering steady problem, the element residual of the
R Flux Difference RD method is defined as,

oF = //ﬁ H(u)oA. )

which can be further discretized by trapezoidal rule to be

1 - o ..
QS]E:EZ(fp_f*)'nP’ p:I7jak' (3)
D
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Recap of Flux Difference
RD for Scalar Equation

Entropy Control

Lake at Rest

M

Figure: Residual distributed over triangular element.
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RD from Scalar to System of Equations

Scalar Equation: Flux Difference RD

rwanmonee= | The distribution of the signals to node i via Flux Difference
Entropy Control RD iS

—

¢i = 5 (F—F) - f—alulj — Blulg —[ulk. (4

~~
i t
¢I,'S° ¢;g1r

\}

where f*, a, B3, v are degrees of freedom of this scheme
which can be employed to recover classic RD methods or
to fulfil certain additional constraints.
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RD from Scalar to System of Equations

Scalar Equation: Flux Difference RD

Isotropic signals
Recap ofFox Difrerce Using arithmetic average of three nodal values of the

RD for Scalar Equation . — - _ . . .
nropy Cont variable for f* = f(u) within the element is able to
achieve third order accuracy for simple linear

advection problems.

ey However, it is a central approach and not stable for
hyperbolic problems.

Artificial signals

oo Serves as a form of artificial diffusion to attain numerical
” stability.

Specific choices of a, 3, v can recover classic RD
methods or to achieve condition for positivity.

M
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RD from Scalar to System of Equations

Entropy Control as the Additional Constraint

The weak solutions of the conservation laws of mass,
momentum and energy are not necessarily unique and
Eniropy Conrl thus require additional constraint(s). One good choice of
this criterion is the Second Law of Thermodynamics.
Based on this law, the following properties are used.

Entropy Conservation: The entropy variable is
conserved with zero entropy production.

Entropy Stability: The entropy generation is captured
with the correct sign.

Entropy Consistency: The entropy generation is

captured with the correct sign and exact physical
amount.

M
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of Flux Differen
RD for Scalar Equatior

Entropy Control

RD from Scalar to System of Equations

Entropy Control as the Additional Constraint

The degrees of freedom aforementioned are designed to
fulfil different entropy properties.

Isotropic signals (?*): Entropy Conservation

Artificial signals (o, 3, 7): Entropy Stability
For scalar equation, the shock-tree or expansion problem
adhering to the Burgers’ equation are tested with positive
results.
This entropy control algorithm was extended to systems of
equations such as Euler Equations and Shallow Water
Equations.
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Shallow Water Equations (SWE)

Governing Equations

R A simplified mathematical model from Navier-Stokes
Equations which focus on fluid surface profile.

Governig Eauators SWE is used to model open channel flows. E.g. coastal

areas, lakes, estuaries, rivers, reservoirs, etc.

Common applications of interest: Bore/tidal wave
propagation, wave interaction with bottom topography,
atermd stationary hydraulic jump, dam break and flooding,
tsunami generation and propagation.

M
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Shallow Water Equations (SWE)

Governing Equations

Physical conditions for SWE: (When to use it?)
Free surface

"shallow", meaning that the water depth is very small in
tions comparison with the characteristic length of the water
el body.

“H ‘v\ ancedness h

-3 —4
— N1
L<10 0

Vertical velocity are negligible.

S Variation of horizontal velocities across the depth is
small. Thus, they can be represented by averaged
values.

The fluid is incompressible.

UM
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Recap of Flux Difference
RD for Scalar Equation

Entropy Control

Governing Equations

d order method
alanced ESRD

Vortex Advectio
Oblique Hydraulic Jump

Lake at Rest

M

Figure: Some denotations for SWE.
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Shallow Water Equations (SWE)

Governing Equations

The compact form of SWE is

U+ Vv - f(u) + s(u) = 0. (5)
where
u=[h hu hv]", (6)
and for 2D, the fluxes are
. hu hv
f(u)= | hu?+ Lgh? huv . (7)

huv hv? + 1gh?

and s(u) is the source terms which includes the
contributions from various types of mass or momentum
sources.
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Shallow Water Equations (SWE)

Governing Equations

Examples of source terms
Bottom topography/bathymetry - momentum
e Rain - mass
Infiltration rate - mass
orernes s Fluid viscosity - momentum
ot Wind Stress - momentum
Bottom friction - momentum
Atmospheric pressure gradient - momentum
s Coriolis force - momentum
With only the bottom topography,

.
s(u)y=|0 gh%e gh%e | . (8)

UM
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Shallow Water Equations (SWE)

Entropy Function

There is a convex entropy function for SWE which also
coincides with the height-averaged mechanical energy,

_ hu? + hv + gh?

£ 2

+ ghzp, 9

which satisfies the energy dissipation inequality

0E O(F+S51)  0(G+S)
it Ty <0, (10)

where
(hu®/2 + gh®u + huv?/2),

F =
G = (hv3/2 + ghPv + hu?v/2),
S1 = ghzpu, S, = ghzpv.
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Shallow Water Equations (SWE)

Entropy Function

Connecting the entropy function to the governing

equations...
Introducing symmetrizing / energy variables,
OE
SR, V=, =W+ v))/2+g(h+2z)uv), (1)

Next, direct computation shows that

2
v f=F+ 98 ghzu

2, (12)
v-g:Gng2 + ghzpv.
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Shallow Water Equations (SWE)

Well-balancedness property

Well-balancedness

’ A numerical property closely related to the discretization
of the source term.

The numerical balance between the flux divergence
and the source term modelling of the bottom topography.

The ability of a numerical scheme to preserve the steady
e ardr mthos lake at rest case.

Well-balancedness
property

UM
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Recap of Flux Difference
RD for Scalar Equation

Entropy Control

Entropy Function
Well-balancedness
property

Energy Conservatior

abilty

method
Second order method
Well-balanced ESRD

Well-balancedness
Considering nodal values at point / with the initial
conditions of

ui=Vv;=0, hi+2z,;=constant Vi, (13)

the numerical solution has to satisfies

d

o} .
Ehi =0, Eh;(u;, vi)=0 Vi. (14)
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Energy-Stable Residual Distribution Method

(ESRD)

Following the works of [Ismail and Chizari, 2017] for
scalar equations, the flux difference residual distribution
method is recalled in systems form,

bp = 5° + 3. (15)

The same concept from the scalar version is utilized to
achieve energy control.

Isotropic signals : Energy Conservation
Artificial signals : Energy Stability
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The isotropic signals for each node are designed to have
the following form,

. 1 o
¢p° = 5((f: gp) = (", 9")) - Ty (16)

From Eq. (10), energy conservation requires

E=> (Fp,Gp) flp—> (Vg p) =0. (17)
p

o

Energy Conservation
E bility
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Energy-Stable Residual Distribution Method

(ESRD)

Energy Conservation

oo | After series of mathematical operations, (f)is
v | determined to be

ing Equat Fu_j BV
‘ ; ‘.ru w‘L fC _ /_."72 + %9772 , gC = EDV (18)
R Av2 + 5

Energy Conservation
Energy Stability

and deemed (T'C) as the energy conserved flux. Again,
this method is a central and requires artificial dissipation
to be stabilised numerically.
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Energy-Stable Residual Distribution Method

(ESRD)

Energy Stability

ux Diferen Recall the simpler scalar artificial signals
o5 = —alulj — Bluly — Y[ulik- (19)

S Frcin However, for systems of equations, the Jacobians are

pooy decomposed into their eigenvalues and eigenvectors
along the streamline direction to obtain
multidimensionality. The upwinded signals distribution are

S constructed with characteristic waves based on the

e difference in energy variables v according to [Barth,

g 1999].
M

Energy Con
Energy Stability
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Hence, the artificial signals become
¢3" = —RD.R" [v]; — RD;R" [v],; — RD,R" [v];., (20)
where

A

D.=a|A|Sk, D;=p|A|Sk, D,=~|A|SkE, (21)

and
(072 ] 0 0
o = 0 (0%) 0 5 (22)
0 0 (0%}

with similar notations for 3 and ~.
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Energy-Stable Residual Distribution Method

(ESRD)

Energy Stability

After adding the artificial signal term, the energy
dissipation equation becomes

SRR w8
r _ Zp: ,EI'J Z VT¢|so Z VTd)art _ Z VT¢art.
o

-~

=0

_ (23)
In order to fulfil energy stability, E < 0.
After some algebra, the following conditions are obtain

ag>0, B3g=0, 7g=—aq, d=1,2,3. (24)
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First order method
Second order method

Well-balanced ESRD

Energy-Stable Residual Distribution Method

(ESRD)

First order method

The construction of the first order scheme is based on the
positivity property. Assuming v = —a and 8 = 0, the
signal for node i is
¢i=1 (?,- . FC) i+ (@RAR™Y)_ (2w, — uj — uy)
(25)
The upwind parameter matrix and conservative flux are
defined as

1
2

avg(
Ki:

(RKR—‘)-ﬁ,-, FC:<RKR—1) U (26)
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Recap of Flux Difference
RD for Scalar Equation

Entropy Control

Governing Equations

Second order m

Then,

oi = (% (K); + <aR_/_{R—1)avg> (Cuj —uj— u) (27)

In order to produce a positive solution, the condition on «
is

(anxn—‘) >—%min(Kp), p=ij k. (28)

avg

where the o determined with this method is deemed

QKmin-
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Recap of Flux Difference
RD for Scalar Equation

Entropy Control

Energy Conservatior

abilty

First order method
Second order method
Well-balanced ESRD

Vortex Advectior
Oblique Hydraulic Jump
Lake at Res

M

Baseline Approach
In order to increase the dependency of the error on the
grid size, the a can be altered as

()" o o
Olpaseline = 0 (%) I 0 . (29)
0 0 (Lir)q

where [ is,
1 .
AE:g;Ip’ pzla_/ak' (30)

Chang Wei Shyang ESRD for 2D SWE 31 Oct 2018 26/39



Energy-Stable Residual Distribution Method

(ESRD)

Second order method

Alternative Approach

Alternatively, we can use the determined amin from first
order method and increase the dependency on grid by
multiplying apaseiine t0 alter the artificial signals. It should
be noted that the positivity feature no longer holds.
These approaches result in solution with (g + 1)th order
accuracy by examining Eq. (21).
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Energy-Stable Residual Distribution Method

(ESRD)

Well-balanced ESRD

The existing ESRD is not well-balanced. Slight tinkering

) was performed on the ESRD scheme to achieve this

property. The gravitational pressure term is split from the
convective flux and combined with the source term.

v Pt hu hv
;‘::i"‘”‘:‘” ancednes: 1

. 2 |1 2

f(u) = hu= + 2gh huv (31)
huv hv? + %gh2

Well-balanced ESRD

which leads to the well-balanced version of isotropic
signal with the lake at rest conditions, u = v =0,

(157 A
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¢E,iso _

Chang Wei Shyang

1 (hpgp)np,x + (hpVp)Np,y
> > | (hotB)npx + (hpUpVp)np,y
P | (hpUpVp)np x + (hpvg)”P,y
g— 0
+5 Z (Mo + Zb,p) Np,x
p | (hp+ Zbp)npy
1 (M u)npx + (h*v*)np,y
~3 S| (B (W) npx + (Burvi)ny,
p | (B urv)npx + (h*(v¥)?)np,y
g— 0
- ST (h + ) (32)
poL (" +2z5)npy
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rder method
Second order method

Well-balanced ESRD

Energy-Stable Residual Distribution Method

(ESRD)

Well-balanced ESRD

For the artificial signal,

¢i = ¢° — RD.RT [v]; — RDyR" [v]; — RD,R" [v],,

¢
(33)
Applying the lake at rest conditions, u = v =0,
h + zp, = constant to the discrete variables in v for an
edge leads to

—3 (U2 + V2 — U2 — v2) + g(hj + 2b; — hi — 2b)
[v]i = U — uj
Vi~ Vi

—0. (34)
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Recap of Flux Difference
RD for Scalar Equation

Entropy Control

Governing Equations

order method
ced ESRD

Vortex Advection

Oblique Hydraulic Jump

Lake at Rest

M

Isotropic grids used

Figure: Regular
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Figure: 80% randomised
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Results

Vortex Advection

Water height profiles for regular grid

Exact ~ESFV 15t order xESFV 2" order
o N OLDA oLxF
* LxW ¢ ESRD 15 order BESRD 2™ order
@ ESRD-b 2™ order

Water height.h

Vortex Advection
Oblique Hydraulic Jump

I
0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55

distance
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Results

Vortex Advection

Water height profiles for 80% randomised grid

Exact ~ESFV 15t order xESFV 2" order
o N OLDA oLxF
* LxW ¢ ESRD 15 order BESRD 2™ order
@ ESRD-b 2™ order

Water height,h

Vortex Advection
Oblique Hydraulic Jump

| | | | | | I I |
‘&:M‘ 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55
distance
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Governing Equations

Vortex Advection

Oblique Hydraulic Jump

M

Results

Vortex Advection

Order of Accuracy for regular grid

ESFV 2™ order ~ OLDA *  Lxw
ESRD 2" order ~ ® ESRD-b 2" order ===~ gradient = 1.0
gradient = 2.0

| |
F T
10°§
5 §
Sl
10_2? |

—————_

o

|
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Grid Distance log(Iz)
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Results

Vortex Advection

Order of Accuracy for 80% randomised grid

Rocap of lux Diffrenc x ESFV2™order ~ OLDA * Lw
Entropy Contro M ESRD 2" order  ®ESRD-b 2™ order =-=-:grad=1.0
grad = 2.0

—_
o
o
T T T TTTTT

S

L2 error

—
o
L
T T T 11111

S

Vortex Advection

Oblique Hydraulic Jump

|

l l l l l l
10723 10722 1021 102 10~'® 10-'8 10-17

‘l[ﬂM‘ Grid Distance log(Iz)
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Recap of Flux Difference
RD for Scalar Equation

Entropy Control

r method
ced ESRD

Vortex Advectior
Oblique Hydraulic Jump
Lake at Rest
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Figure: Exact solution for oblique hydraulic jump.
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Results

Oblique Hydraulic Jump

Water height profiles across y = 0.85

RD for . Exact A ESFV 15 order ON
Entropy Contro 0 LDA o LxF & ESRD 15! order
¢ Limited ESRD O Limited ESRD-b
1 6 I I I I O I

rning Equation

opy Fur
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Results

Lake at Rest

Norm of the errors on water heights at t = 0.15.

Loo error

Schemes Average error L2 error
N 1.09x 107" 1.75x10"" 8.49 x 10"
ESFV 1St 232x102 419x102 285x 10!
ESRD 1t 840 x 10" 154 x10°'® 888 x 1016
ESRD2™@ 196x 101 314x10 1% 155x10°1®

ortex Advect
blique Hydraulic
Lake at Rest
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