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The Fundamental of Entropy Control

Main Consept

There are three keywords here:
Entropy Conservation: The entropy will not be increased
or decreased.
Entropy Stability: The entropy will always be generated
with physical (correct) sign.
Entropy Consistency: The entropy will always be
generated with physical (correct) sign and amount.
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Entropy Control

M

Consider a new signal distribution for RD methods,

1 .
— 5 (g~ (F.g") - Fi

The entropy conservation enforce that,

ZV%——Z Fi. G- 7

Or,

Y (g - ) = (F,97) Y (v ) = (Fi.G)- i

i i i
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New RD Proposal

Signal Distribution

We propose an artificial terms which alters the signals
distribution in the following form.

6 =5 ((h.9) ~ (".g") - 7

—a(V; —vi) = B(vk = vj) = (Vi — v%)

where (J, k) are the neighboring points to node i/ and that
are to be determined.
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Entropy Control

M

1 L1 -
=3 > (Fi.Gi)-hj— 5 > vil(f,9) -
j j

+ %(f*,g*)Z(v/Tm)
+Zv Vi) + B(Vik — vj) + (Vi — Vk))
__Zv Vi — Vi) + B(v; — Vi) +v(Vk — Vi)

=- 27<<v1—v2) + (2 = vo)? + (5 — 1 )?)
— B(Viva — VoV + VoV — V3V + V3Vy — V1v3) < 0

a>y, V8 — a>0, y=—-a, Vg
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Entropy Control

M

(
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2([v]ji+[Vlki
% Two-Target
26 7(4virtvi+vi) 3 (KivE-+h B+ ki v ) One-Target
3(Wﬁﬁ{ﬂﬁ+{ﬂ%)
ki~ KRV Two-Target

§ " VARV

Ki— Ky 6[vI5
( i~ ) ([v],?j—i—[V]f,i-f-[V]ﬁ,- - 1) One-Target
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Entropy Control

M

N-scheme will be recovered as follow,
7=0
oF =K (uj — uy)
N =k (uk — uy)

SN = ki + Kju; + KU

Two-Target
ki < 0, k',kk > 0,

One-Target N_o
ki>0, ki ke<DO0, g
i K ¢w -0
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Linearized Approach

Simplified

In order to simplify the formulation for o and 3, define,
Sijk = Vijk—V
Therefore,
Vi = Vi + 0k + 20, Vg = Vj+ 20k +9;

Assuming §; ~ d,

] Method \ o \ B |
Lax-Friedrichs | & (k¢ + K + 2Kmax) % (ke — K))
N (two-target) % (k + Kk) 3 (ki — kk)
LDA (two-target) 3, (K + k) 3, (ki — k)
—s(k+k) | —5(k—k

‘U:ﬂM‘ One-Target
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Positivity Check

General o and 3

Recall the linear signal distribution,

i = ghi([ulj — [Ulk) — o ([uli — [Uli) — Bluly
¢ = 3k([U]/k [ulj) — o ([ulk — [ul;i) — Bluli
ok = ski([ulw — [ulj) — o ([ulik — [ul) — Blulji

Simplifying,
¢,_(k+2a)u,- (—%ki—a+6)uj+(—%k;—a—ﬁ)uk
0= (~gk—a—B) v+ (5k +20) U + (~3k ~ o+ ) U
¢k = (—7kk - Oz-i-ﬁ) uj + (—%kk -« —ﬂ) up+ (%kk +2a) Uk

Thus, the positivity condition will be,

1kmin (1)

1
04>_§kmina ‘B|<CM+3
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Order of Accuracy

Isotropic Grid

TE = TE®® 4 TE* = O (1°) + TE™

The geometrical dimensions are (hy = h, hp = hs).
Assume, ;
a=dah, p=ph ~y=5h

4 h 3 2 11

KM EARRANVES
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Order of Accuracy

Isotropic Grid

There are four types of triangle (1, II, Ill, VI). For each type
a, § and v are same. Thus, the truncation error is,

TE = <7 (64 + Ay + a + Gy — S — i = — ’Ylv)azsz

+(254| — = div — B+ B = B+ By — A — A + 2%”) abs

*(54 + éur + 2y — B+ B + B — Biv — 23 — A — i|v>b2> (;nzns) h

+ (2b3 (&lv + B — B — ’7/||) + abzs(&m — — B+ By — B+ By + 5 — ’m)

+abs? (254|| +dm — v + B — 3B — B+ 3By — A1+ A — 2’7|v)> (::2;) n
+0(1)

High order way,

a, 3,7 = O(h?) = Order of Accuracy = q + 1
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M

Minmod Limiter

Basis

Minmod limiter could be applied as,

gt __ max(0,%;) Q.- 9
I Zp max(O, Qp) 7 : ér

And,
T QUM T

This limiter could implement on the N and Lax-Friedrichs
approaches. There are three possibilities for the ; ; x:

Qi,j,k >0, Qi < 0, Qj,k >0, Q; > 0, Qj,k <0.
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Limiter

M

All positive, ©;, ©;, 2, > 0 which is going back to the
original signal distribution. Because the LP is satisfied in
this condition automatically.

o Pijk
,7./7k - ¢T
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Signal Limiter For « and

Two Positive

Two positive, ; < 0 and €, Qx > 0 which leads to,

BT (1~ p)3,
¢LMT ¢j + pQSiQ}_MT , 0< p < 1’ Q/I._MT + QII;MT -1
¢LMT Ok + PO QUM

For p = 1 the limiter will reduce to the classic minmod.

qﬁ, (k—|—2a)u, (—3/( a—l—ﬂ)u, (Sk—a—ﬂ)uk

QS] (7 —a—B)u; (k+2a)u/ (—7k—oz+6)uk

qbk_(——kk—a—i—ﬁ)u, ( %kk—a—ﬂ)Uj+(%kk+2a)Uk
which leads to,

p < min $ktatB 2j+20 Shita—B 2kt+2a
QT (Zki+2a)” QM (Tki+a—B)" QMT(Sk+2a)" QM (Jki+a+8)
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Signal Limiter For « and

One Positive

One positive, Q;, Q2 < 0 and ©; > 0 that make the whole
signal distribution one target after limiting,

T =G+ p (d+ )

¢LMT—(1— p)o; ) 0<p<t
¢LMT—(1— )¢k
Note that, p = 1 for one positive case. Therefore,
%k,-+2a
P=Tik+2
i§I+ a1
a— B+ 3k 1
< — B+ Kk + k>0
P o _ ,B—i-k—l— k a—p j T gl
+ B8+ 1
p< ot b+ 5k a+5+kk+§k,->0

‘l[ﬂM‘ a+ﬁ+kk+ 1k’
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Blending Approach

Main Idea

Recall,
a, 3,7 = O(h?) = Order of Accuracy = q + 1

Consider,
O[:O(hq):_f% B:O

For first order we use q = gmin = 0 and for high order
g=3gmax = 1,2,3,---. Therefore, by changing the g the
blending approach will be constructed.

a = thmin + (1 _ w)thax
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S Si—So S S S S
my = ) Mipax = Max(my, mz, ms)
Al
S
o= 1 Myax > 1
Blending a ms mS < 1
max max

M
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Blending

M
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Blending

M
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