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Consistent Upwind Mass Matrix

 Semi-discrete Finite Difference Equation
 Implicit solver
 The mass matrix for Implicit Solver



Semi-discrete Finite Difference 
Equation

In the method of lines (semi-discrete method), both the 
spatial and temporal discretisation are separable.

The spatial derivative is to be discretised at a chosen time 
slab, and only after that the time derivative is considered.

This leads to a system of coupled ordinary differential 
equation.



Take 1D advection model equation as an example, by using: 
forward-differencing scheme for spatial derivative
three-point central-differencing scheme for time derivative

𝑢𝑢𝑖𝑖𝑛𝑛+1 − 𝑢𝑢𝑖𝑖𝑛𝑛−1

2∆𝑡𝑡
= 𝜆𝜆

𝑢𝑢𝑖𝑖+1𝑛𝑛 − 𝑢𝑢𝑖𝑖𝑛𝑛

∆𝑥𝑥

𝜕𝜕𝑢𝑢
𝜕𝜕𝜕𝜕

= 𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝑖𝑖 − 2 𝑖𝑖 − 1 𝑖𝑖 + 1 𝑖𝑖 + 2𝑖𝑖

𝑖𝑖 − 2 𝑖𝑖 − 1 𝑖𝑖 + 1 𝑖𝑖 + 2𝑖𝑖

spatial counter, 𝑖𝑖

temporal 
counter, 𝑛𝑛

𝑛𝑛

𝑛𝑛 − 1

𝑖𝑖 − 2 𝑖𝑖 − 1 𝑖𝑖 + 1 𝑖𝑖 + 2𝑖𝑖
𝑛𝑛 + 1

(1)



Implicit Solver
For unsteady scalar advection problem, a more general 
equation to represent the problem is

𝜕𝜕𝑢𝑢
𝜕𝜕𝑡𝑡

= 𝑢𝑢𝑡𝑡 = 𝐹𝐹 𝑢𝑢, 𝑥⃗𝑥, 𝑡𝑡
where 𝐹𝐹 is a function of the dependent variable 𝑢𝑢 and two 
independent variables 𝑥⃗𝑥 and 𝑡𝑡. 

By introducing the n superscript that refers to a discrete time 
level,

𝑢𝑢𝑡𝑡 𝑛𝑛 = 𝐹𝐹 𝑢𝑢𝑛𝑛, 𝑥⃗𝑥𝑛𝑛, 𝑡𝑡𝑛𝑛



After the discretisation of the equation (using the above 
mentioned semi-discrete or method of lines method), the PDE is 
reduced to ODE.

The discretised ODE usually forms linear combinations of the 
dependent variable and its derivative at various time steps.

𝑢𝑢𝑛𝑛+1 = 𝑓𝑓 𝑎𝑎1𝑢𝑢𝑡𝑡𝑛𝑛+1,𝑎𝑎0𝑢𝑢𝑡𝑡𝑛𝑛,𝑎𝑎−1𝑢𝑢𝑡𝑡𝑛𝑛−1,⋯ , 𝑏𝑏1𝑢𝑢𝑛𝑛+1, 𝑏𝑏0𝑢𝑢𝑛𝑛, 𝑏𝑏−1𝑢𝑢𝑛𝑛−1,⋯

If 𝑢𝑢𝑛𝑛+1 is to be determined, the method is said to be explicit if
𝑎𝑎1 = 0 && 𝑏𝑏1 = 0

and implicit otherwise.



𝑢𝑢𝑛𝑛 means the flow solution at the present time 𝑡𝑡.
Consequently, 𝑢𝑢𝑛𝑛+1 represents the solution at the time 𝑡𝑡 + ∆𝑡𝑡

Explicit means 𝑢𝑢𝑛𝑛+1 depends solely on values already known.
Implicit formulation includes some unknown variables at time 
step 𝑡𝑡 + ∆𝑡𝑡 .

Examples of explicit and implicit solver for linear advection.

𝛺𝛺 �𝑀𝑀 𝑖𝑖
∆𝑢𝑢𝑖𝑖𝑛𝑛

∆𝑡𝑡
= −𝜙𝜙𝑖𝑖𝑛𝑛

𝛺𝛺 �𝑀𝑀 𝑖𝑖
∆𝑢𝑢𝑖𝑖𝑛𝑛

∆𝑡𝑡
= −𝜃𝜃𝜙𝜙𝑖𝑖𝑛𝑛+1 − 1 − 𝜃𝜃 𝜙𝜙𝑖𝑖𝑛𝑛

where
∆𝑢𝑢𝑖𝑖𝑛𝑛 = 𝑢𝑢𝑖𝑖𝑛𝑛+1 − 𝑢𝑢𝑖𝑖𝑛𝑛

Explicit

Implicit

(2a)

(2b)

(3)



The mass matrix for Implicit Solver

�
𝑇𝑇∈∪∆𝑖𝑖

𝑚𝑚𝑖𝑖𝑖𝑖
𝑇𝑇 𝜕𝜕𝑢𝑢

𝜕𝜕𝑡𝑡 𝑖𝑖
+ 𝜙𝜙𝑖𝑖𝑇𝑇 = 0

𝑖𝑖

𝑗𝑗 = 1

𝑗𝑗 = 2𝑗𝑗 = 3

𝑇𝑇

𝑚𝑚11
𝑇𝑇 𝑚𝑚12

𝑇𝑇 𝑚𝑚13
𝑇𝑇

𝑚𝑚21
𝑇𝑇 𝑚𝑚22

𝑇𝑇 𝑚𝑚23
𝑇𝑇

𝑚𝑚31
𝑇𝑇 𝑚𝑚32

𝑇𝑇 𝑚𝑚33
𝑇𝑇

𝜕𝜕𝑢𝑢
𝜕𝜕𝑡𝑡 1
𝜕𝜕𝑢𝑢
𝜕𝜕𝑡𝑡 2
𝜕𝜕𝑢𝑢
𝜕𝜕𝑡𝑡 3

𝜙𝜙1𝑇𝑇

𝜙𝜙2𝑇𝑇

𝜙𝜙3𝑇𝑇

(4)



𝜕𝜕𝑢𝑢
𝜕𝜕𝑡𝑡

+ 𝛻𝛻 � 𝐹⃗𝐹 = 0 ⟹
𝜕𝜕𝑢𝑢
𝜕𝜕𝑡𝑡

+ 𝜆𝜆 � 𝛻𝛻𝛻𝛻 = 0

The semi-discrete model reads,

𝑢𝑢𝑖𝑖𝑛𝑛+1 − 𝑢𝑢𝑖𝑖𝑛𝑛

∆𝑡𝑡
+ 𝜆𝜆 � 𝛻𝛻𝛻𝛻

𝑛𝑛+12 = 0

3𝑢𝑢𝑖𝑖𝑛𝑛+1 − 4𝑢𝑢𝑖𝑖𝑛𝑛 + 𝑢𝑢𝑖𝑖𝑛𝑛−1

2∆𝑡𝑡
+ 𝜆𝜆 � 𝛻𝛻𝛻𝛻

𝑛𝑛+1
= 0

Two-time level

Three-time level

Crank-Nicolson 

Both the time discretisation schemes are second order 
accurate

𝜕𝜕𝑢𝑢
𝜕𝜕𝑡𝑡 𝑖𝑖

𝑛𝑛+1

=
3𝑢𝑢𝑖𝑖𝑛𝑛+1 − 4𝑢𝑢𝑖𝑖𝑛𝑛 + 𝑢𝑢𝑖𝑖𝑛𝑛−1

2∆𝑡𝑡
+ 𝒪𝒪 ∆𝑡𝑡2

𝜕𝜕𝑢𝑢
𝜕𝜕𝑡𝑡 𝑖𝑖

𝑛𝑛+12
=
𝑢𝑢𝑖𝑖𝑛𝑛+1 − 𝑢𝑢𝑖𝑖𝑛𝑛

∆𝑡𝑡
+ 𝒪𝒪 ∆𝑡𝑡2

(5a)

(5b)

(6a)

(6b)



The notation of 𝒪𝒪 ∆𝑡𝑡2 in equations (6a) and (6b) denote that 
the truncation errors is a series starting from ∆𝑡𝑡2, ∆𝑡𝑡3,⋯ ,∆𝑡𝑡𝑛𝑛.

To obtain equations (6a) and (6b), one should expand the 
Taylor series for the term 𝜕𝜕𝑢𝑢

𝜕𝜕𝑡𝑡 𝑖𝑖
of equations (5a) and (5b) at 

𝑛𝑛 + 1
2

for two-level time discretisation, and
𝑛𝑛 + 1 for three-level time discretisation.

The Taylor series of 𝑢𝑢 at 𝑡𝑡𝑛𝑛 reads

𝑢𝑢𝑖𝑖 𝑡𝑡 + ∆𝑡𝑡 = �
𝑛𝑛=0

∞
∆𝑡𝑡 𝑛𝑛

𝑛𝑛!
𝑑𝑑𝑛𝑛𝑢𝑢𝑖𝑖 𝑡𝑡𝑛𝑛
𝑑𝑑𝑑𝑑𝑛𝑛

(7)



Two-time level

Three-time level

𝑢𝑢𝑖𝑖 𝑡𝑡𝑛𝑛+1 = 𝑢𝑢𝑖𝑖 𝑡𝑡𝑛𝑛+12
+

∆𝑡𝑡
2

𝑑𝑑𝑢𝑢𝑖𝑖 𝑡𝑡𝑛𝑛+12
𝑑𝑑𝑑𝑑

+
∆𝑡𝑡/2 2

2

𝑑𝑑2𝑢𝑢𝑖𝑖 𝑡𝑡𝑛𝑛+12
𝑑𝑑𝑑𝑑2

+ 𝒪𝒪 ∆𝑡𝑡3

𝑢𝑢𝑖𝑖 𝑡𝑡𝑛𝑛 = 𝑢𝑢𝑖𝑖 𝑡𝑡𝑛𝑛+12
+ −

∆𝑡𝑡
2

𝑑𝑑𝑢𝑢𝑖𝑖 𝑡𝑡𝑛𝑛+12
𝑑𝑑𝑑𝑑

+
−∆𝑡𝑡/2 2

2

𝑑𝑑2𝑢𝑢𝑖𝑖 𝑡𝑡𝑛𝑛+12
𝑑𝑑𝑑𝑑2

+ 𝒪𝒪 ∆𝑡𝑡3−

𝑢𝑢𝑖𝑖𝑛𝑛+1 − 𝑢𝑢𝑖𝑖𝑛𝑛 = ∆𝑡𝑡
𝜕𝜕𝑢𝑢
𝜕𝜕𝑡𝑡 𝑖𝑖

𝑛𝑛+12
+ 𝒪𝒪 ∆𝑡𝑡3

𝑢𝑢𝑖𝑖 𝑡𝑡𝑛𝑛 = 𝑢𝑢𝑖𝑖 𝑡𝑡𝑛𝑛+1 + −∆𝑡𝑡
𝑑𝑑𝑢𝑢𝑖𝑖 𝑡𝑡𝑛𝑛+1

𝑑𝑑𝑑𝑑
+

−∆𝑡𝑡 2

2
𝑑𝑑2𝑢𝑢𝑖𝑖 𝑡𝑡𝑛𝑛+1

𝑑𝑑𝑑𝑑2
+ 𝒪𝒪 ∆𝑡𝑡3

𝑢𝑢𝑖𝑖 𝑡𝑡𝑛𝑛−1 = 𝑢𝑢𝑖𝑖 𝑡𝑡𝑛𝑛+1 + −2∆𝑡𝑡
𝑑𝑑𝑢𝑢𝑖𝑖 𝑡𝑡𝑛𝑛+1

𝑑𝑑𝑑𝑑
+

−2∆𝑡𝑡 2

2
𝑑𝑑2𝑢𝑢𝑖𝑖 𝑡𝑡𝑛𝑛+1

𝑑𝑑𝑑𝑑2
+ 𝒪𝒪 ∆𝑡𝑡3−

3𝑢𝑢𝑖𝑖𝑛𝑛+1 − 4𝑢𝑢𝑖𝑖𝑛𝑛 + 𝑢𝑢𝑖𝑖𝑛𝑛−1 = 2∆𝑡𝑡
𝜕𝜕𝑢𝑢
𝜕𝜕𝑡𝑡 𝑖𝑖

𝑛𝑛+1

+ 𝒪𝒪 ∆𝑡𝑡3

× 4



�
𝑇𝑇∈∪∆𝑖𝑖

�
𝑗𝑗∈𝑇𝑇

𝑚𝑚𝑖𝑖𝑖𝑖
𝑇𝑇 𝑢𝑢𝑖𝑖𝑛𝑛+1 − 𝑢𝑢𝑖𝑖𝑛𝑛

∆𝑡𝑡
+ 𝜙𝜙𝑖𝑖𝑇𝑇

𝑛𝑛+12 = 0

Two-time level

Three-time level

�
𝑇𝑇∈∪∆𝑖𝑖

�
𝑗𝑗∈𝑇𝑇

𝑚𝑚𝑖𝑖𝑖𝑖
𝑇𝑇 3𝑢𝑢𝑖𝑖𝑛𝑛+1 − 4𝑢𝑢𝑖𝑖𝑛𝑛 + 𝑢𝑢𝑖𝑖𝑛𝑛−1

2∆𝑡𝑡
+ 𝜙𝜙𝑖𝑖𝑇𝑇

𝑛𝑛+1 = 0

𝜙𝜙𝑖𝑖𝑇𝑇
𝑛𝑛+12 =

1
2

𝜙𝜙𝑖𝑖𝑇𝑇
𝑛𝑛+1 + 𝜙𝜙𝑖𝑖𝑇𝑇

𝑛𝑛

where

𝜙𝜙𝑖𝑖𝑇𝑇
𝑛𝑛 = �

𝑗𝑗∈𝑇𝑇

𝑘𝑘𝑗𝑗𝑇𝑇𝑢𝑢𝑗𝑗
𝑇𝑇,𝑛𝑛

𝜙𝜙𝑖𝑖𝑇𝑇
𝑛𝑛+1 = �

𝑗𝑗∈𝑇𝑇

𝑘𝑘𝑗𝑗𝑇𝑇𝑢𝑢𝑗𝑗
𝑇𝑇,𝑛𝑛+1

(8a)

(8b)

(8c)

(9a)

(9b)



�
𝑇𝑇∈∪∆𝑖𝑖

�
𝑗𝑗∈𝑇𝑇

𝑚𝑚𝑖𝑖𝑖𝑖
𝑇𝑇 𝑢𝑢𝑖𝑖𝑛𝑛+1 − 𝑢𝑢𝑖𝑖𝑛𝑛

∆𝑡𝑡
+

1
2
�
𝑗𝑗∈𝑇𝑇

𝑘𝑘𝑗𝑗𝑇𝑇𝑢𝑢𝑗𝑗
𝑇𝑇,𝑛𝑛 + 𝑘𝑘𝑗𝑗𝑇𝑇𝑢𝑢𝑗𝑗

𝑇𝑇,𝑛𝑛+1 = 0

Two-time level

Three-time level

�
𝑇𝑇∈∪∆𝑖𝑖

�
𝑗𝑗∈𝑇𝑇

𝑚𝑚𝑖𝑖𝑖𝑖
𝑇𝑇 3𝑢𝑢𝑖𝑖𝑛𝑛+1 − 4𝑢𝑢𝑖𝑖𝑛𝑛 + 𝑢𝑢𝑖𝑖𝑛𝑛−1

2∆𝑡𝑡
+ �

𝑗𝑗∈𝑇𝑇

𝑘𝑘𝑗𝑗𝑇𝑇𝑢𝑢𝑗𝑗
𝑇𝑇,𝑛𝑛+1 = 0

(10a)

(10b)



�
𝑇𝑇∈∪∆𝑖𝑖

�
𝑗𝑗∈𝑇𝑇

�𝑚𝑚𝑖𝑖𝑖𝑖
𝑇𝑇 𝑢𝑢𝑖𝑖𝑛𝑛+1 = �

𝑇𝑇∈∪∆𝑖𝑖

�
𝑗𝑗∈𝑇𝑇

𝑚𝑚𝑖𝑖𝑖𝑖
𝑇𝑇 𝑢𝑢𝑖𝑖𝑛𝑛 +

∆𝑡𝑡
2

�
𝑇𝑇∈∪∆𝑖𝑖

𝛽𝛽𝑖𝑖𝑇𝑇 𝜙𝜙𝑇𝑇 𝑛𝑛

Two-time level

Three-time level

�
𝑇𝑇∈∪∆𝑖𝑖

�
𝑗𝑗∈𝑇𝑇

�𝑚𝑚𝑖𝑖𝑖𝑖
𝑇𝑇 𝑢𝑢𝑖𝑖𝑛𝑛+1 = �

𝑇𝑇∈∪∆𝑖𝑖

�
𝑗𝑗∈𝑇𝑇

𝑚𝑚𝑖𝑖𝑖𝑖
𝑇𝑇 4𝑢𝑢𝑖𝑖𝑛𝑛 − 𝑢𝑢𝑖𝑖𝑛𝑛−1

where

𝑚𝑚𝑖𝑖𝑖𝑖
𝑇𝑇 =

𝑆𝑆𝑇𝑇
3

𝛽𝛽1𝑇𝑇 2 − 𝛽𝛽1𝑇𝑇 𝛽𝛽1𝑇𝑇 1 − 𝛽𝛽2𝑇𝑇 𝛽𝛽1𝑇𝑇 1 − 𝛽𝛽3𝑇𝑇

𝛽𝛽2𝑇𝑇 1 − 𝛽𝛽1𝑇𝑇 𝛽𝛽2𝑇𝑇 2 − 𝛽𝛽2𝑇𝑇 𝛽𝛽2𝑇𝑇 1 − 𝛽𝛽3𝑇𝑇

𝛽𝛽3𝑇𝑇 1 − 𝛽𝛽1𝑇𝑇 𝛽𝛽3𝑇𝑇 1 − 𝛽𝛽2𝑇𝑇 𝛽𝛽3𝑇𝑇 2 − 𝛽𝛽3𝑇𝑇
,

�𝑚𝑚𝑖𝑖𝑖𝑖
𝑇𝑇 = 𝑚𝑚𝑖𝑖𝑖𝑖

𝑇𝑇 + 𝜎𝜎
𝛽𝛽1𝑇𝑇𝑘𝑘1𝑇𝑇 𝛽𝛽1𝑇𝑇𝑘𝑘2𝑇𝑇 𝛽𝛽1𝑇𝑇𝑘𝑘3𝑇𝑇

𝛽𝛽2𝑇𝑇𝑘𝑘1𝑇𝑇 𝛽𝛽2𝑇𝑇𝑘𝑘2𝑇𝑇 𝛽𝛽2𝑇𝑇𝑘𝑘3𝑇𝑇

𝛽𝛽3𝑇𝑇𝑘𝑘1𝑇𝑇 𝛽𝛽3𝑇𝑇𝑘𝑘2𝑇𝑇 𝛽𝛽3𝑇𝑇𝑘𝑘3𝑇𝑇
, 𝜎𝜎 = �

∆𝑡𝑡
2

, two level

2∆𝑡𝑡, three level

(11a)

(11b)

(11c)
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