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A Quick Review



Initial profile at t = 0
&

Exact result at t = 1

𝑢𝑢 𝑥𝑥,𝑦𝑦, 𝑡𝑡 = 0 = sin 2𝜋𝜋𝜋𝜋 cos 2𝜋𝜋𝜋𝜋



40 × 40 grid 120 × 120 grid

200 × 200 grid

PSI



PSI (slope = 0.837384)



Explicit RD Solver
The conservation law is given as

and the weak formulation is obtained as follows:

�
∆𝑇𝑇

𝜔𝜔𝑖𝑖
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = − �

∆𝑇𝑇

𝜔𝜔𝑖𝑖 𝑎⃗𝑎 � 𝛻𝛻𝑢𝑢ℎ 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑎𝑎 � 𝛻𝛻𝑢𝑢 = 0 1

𝜔𝜔𝑖𝑖 𝑥𝑥,𝑦𝑦 ×
𝜕𝜕𝑢𝑢ℎ

𝜕𝜕𝜕𝜕
+ 𝑎⃗𝑎 � 𝛻𝛻𝑢𝑢ℎ = 0

�
∆𝑇𝑇

𝜔𝜔𝑖𝑖
𝜕𝜕𝑢𝑢ℎ

𝜕𝜕𝜕𝜕
+ 𝑎⃗𝑎 � 𝛻𝛻𝑢𝑢ℎ 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = 0



Element area
(primal cell area)

Median dual cell area

𝑆𝑆𝑇𝑇 𝑆𝑆𝑖𝑖 = �
𝑇𝑇∈∪∆𝑖𝑖

𝑆𝑆𝑇𝑇

3

𝑆𝑆𝑇𝑇
3

𝜕𝜕𝑢𝑢
𝜕𝜕𝑡𝑡 𝑖𝑖

= 𝜙𝜙𝑖𝑖𝑇𝑇 �
𝑇𝑇∈∪∆𝑖𝑖

𝑆𝑆𝑇𝑇
3

𝜕𝜕𝑢𝑢
𝜕𝜕𝑡𝑡 𝑖𝑖

= �
𝑇𝑇∈∪∆𝑖𝑖

𝜙𝜙𝑖𝑖𝑇𝑇 2

The value of primary variable – 𝑢𝑢 at node 𝑖𝑖 is given as:



Implicit RD Solver

Element area
(primal cell area)

𝑆𝑆𝑇𝑇

It emphasises on the integration of the time derivatives 
over the control volume.

3 2

1

The weak formulation following 
from the previous section is

�
∆𝑇𝑇

𝜔𝜔𝑖𝑖
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = − �

∆𝑇𝑇

𝜔𝜔𝑖𝑖 𝑎⃗𝑎 � 𝛻𝛻𝑢𝑢ℎ 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

�
∆𝑇𝑇

𝜔𝜔𝑖𝑖
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = 𝜙𝜙𝑖𝑖𝑇𝑇



�
∆𝑇𝑇

𝜔𝜔𝑖𝑖
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

= �
𝐴𝐴1

𝜔𝜔1
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 1

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 + �
𝐴𝐴2

𝜔𝜔2
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 2

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 + �
𝐴𝐴3

𝜔𝜔3
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 3

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

The integration of the time derivative over the control 
volume can be split into 3 parts,



Using the two time-level discretisation for the time 
derivative, 

the nodal update for explicit RD scheme reads 

while the nodal update for implicit RD scheme are

𝑆𝑆𝑖𝑖
𝜕𝜕𝑢𝑢ℎ

𝜕𝜕𝑡𝑡 𝑖𝑖
= �

𝑇𝑇∈∪∆𝑖𝑖

𝜙𝜙𝑖𝑖𝑇𝑇

𝜕𝜕𝑢𝑢
𝜕𝜕𝑡𝑡 𝑖𝑖

≅
𝑢𝑢𝑖𝑖𝑛𝑛+1 − 𝑢𝑢𝑖𝑖𝑛𝑛

∆𝑡𝑡

�
𝑇𝑇∈∪∆𝑖𝑖

�
𝑗𝑗=1

3

𝑚𝑚𝑖𝑖𝑖𝑖
𝑇𝑇 𝜕𝜕𝑢𝑢ℎ

𝜕𝜕𝑡𝑡 𝑖𝑖
= �

𝑇𝑇∈∪∆𝑖𝑖

𝜙𝜙𝑖𝑖𝑇𝑇

�
𝑇𝑇∈∪∆𝑖𝑖

𝑆𝑆𝑇𝑇
3

𝜕𝜕𝑢𝑢
𝜕𝜕𝑡𝑡 𝑖𝑖

= �
𝑇𝑇∈∪∆𝑖𝑖

𝜙𝜙𝑖𝑖𝑇𝑇 3

4



Explicit Lax-Wendroff



Explicit Lax-Wendroff Scheme
It is expected to maintain its second-order accuracy in both 
space and time.

Two-time-level:

Three-time-level:

𝑢𝑢𝑖𝑖𝑛𝑛+1 = 𝑢𝑢𝑖𝑖𝑛𝑛 +
∆𝑡𝑡
𝑆𝑆𝑖𝑖

�
𝑇𝑇∈∪∆𝑖𝑖

1
3

+
∆𝑡𝑡
2
𝑘𝑘𝑖𝑖
𝑆𝑆𝑇𝑇

𝜙𝜙𝑇𝑇,𝑛𝑛

𝑢𝑢𝑖𝑖𝑛𝑛+1 =
1
3

4𝑢𝑢𝑖𝑖𝑛𝑛 − 𝑢𝑢𝑖𝑖𝑛𝑛−1 +
2∆𝑡𝑡
𝑆𝑆𝑖𝑖

�
𝑇𝑇∈∪∆𝑖𝑖

1
3

+ ∆𝑡𝑡
𝑘𝑘𝑖𝑖
𝑆𝑆𝑇𝑇

𝜙𝜙𝑇𝑇,𝑛𝑛

𝑆𝑆𝑖𝑖
3𝑢𝑢𝑖𝑖𝑛𝑛+1 − 4𝑢𝑢𝑖𝑖𝑛𝑛 + 𝑢𝑢𝑖𝑖𝑛𝑛−1

2∆𝑡𝑡
= �

𝑇𝑇∈∪∆𝑖𝑖

1
3

+ ∆𝑡𝑡
𝑘𝑘𝑖𝑖
𝑆𝑆𝑇𝑇

𝜙𝜙𝑇𝑇,𝑛𝑛



Implicit RD Solver
To obtain second-order-accuracy both in 
space and time.
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The discretisation of spatial 
domain 



Constructing Mass Matrix
�
𝑇𝑇∈∪∆𝑖𝑖

�
𝑗𝑗=1

3

𝑚𝑚𝑖𝑖𝑖𝑖
𝑇𝑇 𝜕𝜕𝑢𝑢ℎ

𝜕𝜕𝑡𝑡 𝑖𝑖
= �

𝑇𝑇∈∪∆𝑖𝑖

𝜙𝜙𝑖𝑖𝑇𝑇

�
𝑇𝑇∈∪∆𝑖𝑖

𝑆𝑆𝑇𝑇
3

𝑚𝑚11
𝑇𝑇 𝑚𝑚12

𝑇𝑇 𝑚𝑚13
𝑇𝑇

𝑚𝑚21
𝑇𝑇 𝑚𝑚22

𝑇𝑇 𝑚𝑚23
𝑇𝑇

𝑚𝑚31
𝑇𝑇 𝑚𝑚32

𝑇𝑇 𝑚𝑚33
𝑇𝑇

𝑢𝑢𝑡𝑡 1
𝑢𝑢𝑡𝑡 2
𝑢𝑢𝑡𝑡 3

= �
𝑇𝑇∈∪∆𝑖𝑖

𝜙𝜙1𝑇𝑇

𝜙𝜙2𝑇𝑇

𝜙𝜙3𝑇𝑇
𝑗𝑗 = 1

𝑗𝑗 = 2

𝑗𝑗 = 3

𝑚𝑚𝑖𝑖𝑖𝑖
𝑇𝑇 =

𝑆𝑆𝑇𝑇
3

𝛽𝛽1𝑇𝑇 2 − 𝛽𝛽1𝑇𝑇 𝛽𝛽1𝑇𝑇 1 − 𝛽𝛽2𝑇𝑇 𝛽𝛽1𝑇𝑇 1 − 𝛽𝛽3𝑇𝑇

𝛽𝛽2𝑇𝑇 1 − 𝛽𝛽1𝑇𝑇 𝛽𝛽2𝑇𝑇 2 − 𝛽𝛽2𝑇𝑇 𝛽𝛽2𝑇𝑇 1 − 𝛽𝛽3𝑇𝑇

𝛽𝛽3𝑇𝑇 1 − 𝛽𝛽1𝑇𝑇 𝛽𝛽3𝑇𝑇 1 − 𝛽𝛽2𝑇𝑇 𝛽𝛽3𝑇𝑇 2 − 𝛽𝛽3𝑇𝑇

Mass matrix – consistent upwind

For a single element,



Since there are 25 nodes, therefore, it needs a 25 × 25
matrix to represent the mass matrix 𝑚𝑚𝑖𝑖𝑖𝑖

7 8 9 10

12 13 14 15

17 18 19 20

22 23 24 25

6

11

16

21

1 2 3 4 5

𝑚𝑚1,1 ⋯ 𝑚𝑚1,25
⋮ ⋱ ⋮

𝑚𝑚25,1 ⋯ 𝑚𝑚25,25



Element 4 𝑚𝑚𝑖𝑖𝑖𝑖
𝑇𝑇 =

𝑆𝑆𝑇𝑇
3

𝛽𝛽1𝑇𝑇 2 − 𝛽𝛽1𝑇𝑇 𝛽𝛽1𝑇𝑇 1 − 𝛽𝛽2𝑇𝑇 𝛽𝛽1𝑇𝑇 1 − 𝛽𝛽3𝑇𝑇

𝛽𝛽2𝑇𝑇 1 − 𝛽𝛽1𝑇𝑇 𝛽𝛽2𝑇𝑇 2 − 𝛽𝛽2𝑇𝑇 𝛽𝛽2𝑇𝑇 1 − 𝛽𝛽3𝑇𝑇

𝛽𝛽3𝑇𝑇 1 − 𝛽𝛽1𝑇𝑇 𝛽𝛽3𝑇𝑇 1 − 𝛽𝛽2𝑇𝑇 𝛽𝛽3𝑇𝑇 2 − 𝛽𝛽3𝑇𝑇

3 7 8

3

7
8



Element 5 𝑚𝑚𝑖𝑖𝑖𝑖
𝑇𝑇 =

𝑆𝑆𝑇𝑇
3

𝛽𝛽1𝑇𝑇 2 − 𝛽𝛽1𝑇𝑇 𝛽𝛽1𝑇𝑇 1 − 𝛽𝛽2𝑇𝑇 𝛽𝛽1𝑇𝑇 1 − 𝛽𝛽3𝑇𝑇

𝛽𝛽2𝑇𝑇 1 − 𝛽𝛽1𝑇𝑇 𝛽𝛽2𝑇𝑇 2 − 𝛽𝛽2𝑇𝑇 𝛽𝛽2𝑇𝑇 1 − 𝛽𝛽3𝑇𝑇

𝛽𝛽3𝑇𝑇 1 − 𝛽𝛽1𝑇𝑇 𝛽𝛽3𝑇𝑇 1 − 𝛽𝛽2𝑇𝑇 𝛽𝛽3𝑇𝑇 2 − 𝛽𝛽3𝑇𝑇

3 98

3

9
8



Element 12 𝑚𝑚𝑖𝑖𝑖𝑖
𝑇𝑇 =

𝑆𝑆𝑇𝑇
3

𝛽𝛽1𝑇𝑇 2 − 𝛽𝛽1𝑇𝑇 𝛽𝛽1𝑇𝑇 1 − 𝛽𝛽2𝑇𝑇 𝛽𝛽1𝑇𝑇 1 − 𝛽𝛽3𝑇𝑇

𝛽𝛽2𝑇𝑇 1 − 𝛽𝛽1𝑇𝑇 𝛽𝛽2𝑇𝑇 2 − 𝛽𝛽2𝑇𝑇 𝛽𝛽2𝑇𝑇 1 − 𝛽𝛽3𝑇𝑇

𝛽𝛽3𝑇𝑇 1 − 𝛽𝛽1𝑇𝑇 𝛽𝛽3𝑇𝑇 1 − 𝛽𝛽2𝑇𝑇 𝛽𝛽3𝑇𝑇 2 − 𝛽𝛽3𝑇𝑇

137 8

7
8

13



Element 13 𝑚𝑚𝑖𝑖𝑖𝑖
𝑇𝑇 =

𝑆𝑆𝑇𝑇
3

𝛽𝛽1𝑇𝑇 2 − 𝛽𝛽1𝑇𝑇 𝛽𝛽1𝑇𝑇 1 − 𝛽𝛽2𝑇𝑇 𝛽𝛽1𝑇𝑇 1 − 𝛽𝛽3𝑇𝑇

𝛽𝛽2𝑇𝑇 1 − 𝛽𝛽1𝑇𝑇 𝛽𝛽2𝑇𝑇 2 − 𝛽𝛽2𝑇𝑇 𝛽𝛽2𝑇𝑇 1 − 𝛽𝛽3𝑇𝑇

𝛽𝛽3𝑇𝑇 1 − 𝛽𝛽1𝑇𝑇 𝛽𝛽3𝑇𝑇 1 − 𝛽𝛽2𝑇𝑇 𝛽𝛽3𝑇𝑇 2 − 𝛽𝛽3𝑇𝑇

1398

13

9
8



Element 4 + 5 + 12 + 13 �
𝑇𝑇∈∪∆𝑖𝑖

𝑆𝑆𝑇𝑇
3

𝑚𝑚11
𝑇𝑇 𝑚𝑚12

𝑇𝑇 𝑚𝑚13
𝑇𝑇

𝑚𝑚21
𝑇𝑇 𝑚𝑚22

𝑇𝑇 𝑚𝑚23
𝑇𝑇

𝑚𝑚31
𝑇𝑇 𝑚𝑚32

𝑇𝑇 𝑚𝑚33
𝑇𝑇

𝑢𝑢𝑡𝑡 1
𝑢𝑢𝑡𝑡 2
𝑢𝑢𝑡𝑡 3

= �
𝑇𝑇∈∪∆𝑖𝑖

𝜙𝜙1𝑇𝑇

𝜙𝜙2𝑇𝑇

𝜙𝜙3𝑇𝑇
1398

13

9
8

3 7

3

7



Solving the system of equations

Gauss-Elimination Method will be used in this work.
For example, take a 5 × 5 matrix,
𝑐𝑐11 𝑐𝑐12 𝑐𝑐13 𝑐𝑐14 𝑐𝑐15
𝑐𝑐21 𝑐𝑐22 𝑐𝑐23 𝑐𝑐24 𝑐𝑐25
𝑐𝑐31 𝑐𝑐32 𝑐𝑐33 𝑐𝑐34 𝑐𝑐35
𝑐𝑐41 𝑐𝑐42 𝑐𝑐43 𝑐𝑐44 𝑐𝑐45
𝑐𝑐51 𝑐𝑐52 𝑐𝑐53 𝑐𝑐54 𝑐𝑐55

𝜙𝜙1
𝜙𝜙2
𝜙𝜙3
𝜙𝜙4
𝜙𝜙5

�
𝑇𝑇∈∪∆𝑖𝑖

𝑆𝑆𝑇𝑇
3

𝑚𝑚11
𝑇𝑇 𝑚𝑚12

𝑇𝑇 𝑚𝑚13
𝑇𝑇

𝑚𝑚21
𝑇𝑇 𝑚𝑚22

𝑇𝑇 𝑚𝑚23
𝑇𝑇

𝑚𝑚31
𝑇𝑇 𝑚𝑚32

𝑇𝑇 𝑚𝑚33
𝑇𝑇

𝑢𝑢𝑡𝑡 1
𝑢𝑢𝑡𝑡 2
𝑢𝑢𝑡𝑡 3

= �
𝑇𝑇∈∪∆𝑖𝑖

𝜙𝜙1𝑇𝑇

𝜙𝜙2𝑇𝑇

𝜙𝜙3𝑇𝑇

𝑐𝑐11 𝑐𝑐12 𝑐𝑐13 𝑐𝑐14 𝑐𝑐15
0 𝑐𝑐22 𝑐𝑐23 𝑐𝑐24 𝑐𝑐25
0 0 𝑐𝑐33 𝑐𝑐34 𝑐𝑐35
0 0 0 𝑐𝑐44 𝑐𝑐45
0 0 0 0 𝑐𝑐55

𝜙𝜙1
𝜙𝜙2
𝜙𝜙3
𝜙𝜙4
𝜙𝜙5

𝑐𝑐11 0 0 0 0
0 𝑐𝑐22 0 0 0
0 0 𝑐𝑐33 0 0
0 0 0 𝑐𝑐44 0
0 0 0 0 𝑐𝑐55

𝜙𝜙1
𝜙𝜙2
𝜙𝜙3
𝜙𝜙4
𝜙𝜙5



1 2 3 4

5 6 7 8

9 10 11 12

13 14 15 16

22

23

24

25

17 18 19 20 21

Periodic BCs

Nodes located 
along the 
boundaries are 
identical to their 
corresponding 
counterparts on 
the opposite side.



1 2 3 4

5 6 7 8

9 10 11 12

13 14 15 16

When those 
matching nodes are 
being removed, the 
system of 
equations will just 
become

16 × 16
instead of

25 × 25



Precaution:
If one does not remove away the matrix components of 
those repeating identical nodes, then one might get row 
of zeros which lead to singularity.

For example, nodes 16, 17, 21 and 25 all refer to the same 
point. If the 25 × 25 matrix is used, then rows 17, 21 and 
25 will all go to zero under Gauss Eliminating procedure.   



Dual-time Stepping



Dual-time stepping
It is done by performing fictitious time or pseudo-time 
iteration in between two subsequent physical time step.  

time = 0.0;
while (time ≤ 1.00)
{

:
:
time = time + ∆𝑡𝑡;

};

∆𝑡𝑡 ≤
2
3
𝐶𝐶𝐶𝐶𝐶𝐶 min

𝑇𝑇∈∪∆𝑖𝑖

𝑆𝑆𝑇𝑇
max
𝑗𝑗∈∆𝑇𝑇

𝑘𝑘𝑗𝑗

𝑆𝑆𝑖𝑖
𝜕𝜕𝑢𝑢
𝜕𝜕𝜕𝜕

+ 𝑆𝑆𝑖𝑖
𝜕𝜕𝑢𝑢ℎ

𝜕𝜕𝑡𝑡 𝑖𝑖
− �

𝑇𝑇∈∪∆𝑖𝑖

𝜙𝜙𝑖𝑖𝑇𝑇 = 0



time = 0.0;
while (time ≤ 1.00)
{

:
:
time = time + ∆𝑡𝑡;

}; 𝑢𝑢𝑖𝑖
𝑛𝑛+1,𝑘𝑘+1 = 𝑢𝑢𝑖𝑖

𝑛𝑛+1,𝑘𝑘 +
∆𝜏𝜏
𝑆𝑆𝑖𝑖

�
𝑇𝑇∈∪∆𝑖𝑖

𝜙𝜙𝑖𝑖𝑇𝑇

The derivative of the variable-𝑢𝑢 with respect to fictitious 
time 𝜏𝜏 is discretised using forward Euler finite difference 
formula.

The fictitious time is 
iterated for each physical 
time step.



The fictitious time step chosen must be much smaller than 
the physical time step to ensure stability. 
In this case, the fictitious time step in use is

And the criteria for it to stop is when

or when 

∆𝜏𝜏 =
∆𝑡𝑡

106

Criteria for the fictitious time 
iteration

max
𝑖𝑖∈𝛺𝛺

𝑢𝑢𝑖𝑖𝑘𝑘 − 𝑢𝑢𝑖𝑖𝑘𝑘−1 < 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 10−8

𝑘𝑘 ≥ 𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘 𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘 = 20



Three level time 
derivative discretisation



Three level time discretisation

The time derivative at the nodes is evaluated as

𝜕𝜕𝑢𝑢
𝜕𝜕𝑡𝑡 𝑖𝑖

≅
3𝑢𝑢𝑖𝑖𝑛𝑛+1 − 4𝑢𝑢𝑖𝑖𝑛𝑛 + 𝑢𝑢𝑖𝑖𝑛𝑛−1

2∆𝑡𝑡

However, during the first time step 𝑡𝑡1, whereby only the 
initial condition at 𝑡𝑡0 is known, then the two-level time 
discretisation is used.

𝜕𝜕𝑢𝑢
𝜕𝜕𝑡𝑡 𝑖𝑖

≅
𝑢𝑢𝑖𝑖𝑛𝑛+1 − 𝑢𝑢𝑖𝑖𝑛𝑛

∆𝑡𝑡



Results



Two level time step only

Implicit LDA

Explicit LDA

40 x 40 grid

Explicit Lax-Wendroff



Two level time step &
dual time stepping

Implicit LDA Explicit LDA

40 x 40 grid



Explicit N-Scheme

Explicit Lax-Wendroff

Implicit N-Scheme



Three level time step only

40 x 40 grid

Implicit LDA

Explicit LDA

Explicit Lax-Wendroff



Grid 100 x 100

Implicit LDA 
(Two level time discretisation)

Implicit LDA 
(Three level time discretisation)



Grid 100 x 100

Implicit LDA 
(Two level time discretisation

&
Dual-time-stepping)

Implicit N-Scheme 
(Two level time discretisation

&
Dual-time-stepping)



Two level time step only 40 x 40 grid



Two level time step &
dual time stepping

40 x 40 grid



Three level time step only

40 x 40 grid



Two level time step only 40 x 40 grid



Two level time step &
dual time stepping

40 x 40 grid



Three level time step only 40 x 40 grid
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