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Divergence Theorem

3P : Pivergenee Theoregm
29 : Gregegn-Gauss Thegorgm

cxamplgs to dgmonstrate the integration of flux-
divergence using Green’s theorgm



In 3-D case: Divergence Theorem

jﬂv-ﬁdxdydz= ﬂﬁ'-ﬁdxdy
% A

Divergence inside a volume V = fluxes that penetrate the bounded surface A
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In 2-D case: Normal Form of Green’s Theorem

ﬂv-ﬁdxdy= fﬁ-ﬁdl y
S ds !

or commonly written in most textbooks as:

Let F=Mi+Nj

7 ﬁ_aM_l_aN

~ Ox Oy
Therefore,

OM HN 5
ﬂ dx dy = fF-ﬁdl
N
= fMdy—Ndx

This is commonly known as Green’s theorem.

v



Let us demonstrate the exact integration of flux-divergence in 2D.

Divergence Theorem j j V-Fdxdy= js F-fdl
S ds

Scalar Conservation Law a—z +V-F (W=0

Problem statement
For the simplest case:
u@ry) =224y A= (apay)
and the flux is
F(u) = ul

Evaluate

fV - F dx dy where
S
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fﬁ-ﬁdl

S

..................................

Ay— +=x

f (2x + 2y) dy dx
x=0 y=0

Ax

Ay

_ Ay—A—x
= j[ny+ y2,_o ™ dx

x=0

Ax 2
= j 2x | A A_y + (A A_y dx
B & Axx Y Axx
x=0

Ax 2
= f 2x| A Ay + (A Ay d
B AT A YT |
x=0

Ay? Ay?  _Ay\
<2Ay_2A_x>x+<Ax2_2Ax x“|dx

= avean + Layaxe
T gAY AX T ZAyAX



..........................

Method 1: ﬂv-ﬁdxdy=§ jéﬁ-ﬁdl
S : E

..........................

F(u) = (2 +yDi + (% + y?)j
:jﬁ-ﬁ23dl+fﬁ'ﬁgldl+jﬁ'ﬁ12dl
ly3 l31 l12

To perform the line integral, curves have to be expressed in
parametric forms:

lbs3 > 7(t)=(0 —t)Axi+tAyj 0<t<1
— ~
X y
v ~
X y
X y
using the line integral of parametric equations:
Say  F-f=fx(0),y(1) P() = x(0) L+ y () ]
t=1
2 2
= A 4 a t a t
[Faa= | raoyo) Beld o= [(%2) +(5%2)
7(t) t=0 ot ot



----------------------------------------------------------------------------------------------------------------------------------------------------------

28 e N 3 B S bz ;
e e e .
f l—(x +y2)+—(x +y2)]5dt —Ay (1—t)2Ay2dt
t=0 o t=0 -

et == % Ay?
= (Ax + Ay) j [((1 —9) Ax)z +(t Ay)z] dt .............................................................
t=0 :

L= —(Ax + Ax Ay? + Ay Ax? + Ay?)

i3 *
.....
---------------------------------------------------------------------------------------------------

S > > 1 1
. jF‘ﬁ23 dl + jF'ﬁgl dl + jF.ﬁlz dl = §Ay2Ax+ §AyAX2

-----

..........................................

This result agrees with the calculation by doing the volume integration of the

flux divergence directly.



NumeriCal Integration

To connget the application of Gregn’s thgoregm in
RP method



Steady State:

The conditions for second-order-accurate are:

1) The integration of the flux-divergence must be third-order-accurate.

ij-ﬁdxdy= fﬁ- Aoy dl = — fﬁ-dﬁ=o+0(h3)
S as as
2) The distribution coefficient must be bounded.

0 < B/ <1 = Linear-preserving scheme
eg. LDA

Remarks:

outward unit normal .
iInward scaled normal




The conditions for third-order-accurate are:

1) The integration of the flux-divergence must be fourth-order-accurate.

ﬂV Fdxdy = 7gF nextdl——fﬁ-dﬁ=0+0(h4)
as as
2) The distribution coefficient must be bounded.

0<p <1

INTEGRATION OF FLUX-DIVERGENCE

Integrate the
flux crossing

In RD method, flux residual is defined as the 3 edges
ﬂv Fdxdy = fF Ay dl = fﬁ-dﬁé
ds L3S

.
................................

l Third rder-ecurate

Tr apezoiobl memﬂﬂM/’/&MﬂmMe Sj impson’s Rule
/1 n;
;kuj ng:—z 6][um+4umld1+up]

ieT



Trapezoidal Rule

If f € C?[a, b], then a number € in [a, b] exists with

(b —a)’

fla) +f(b) f7®)
12

b
ff(x)dx= i (b —a) —

a b

Simpson’s Rule

If f € C*[a, b], then a number £ in [a, b] exists and




Ol P2 AT ERn
/

dT = + z kju; T
JET
Flu)=uA i=1
UV-ﬁdxdyz 3513- e dl
S dS
uzfl +u1;L . ugjl +u2/T . ul/T +u3/f R
= - (—n3) + - (—ny) + - (=12)
2 2 2
=— (—np, —n3) +—-(—ny —n3) + — - (—n; — ny)
2 2 2
ulz — uZ/T — u3Z —
A A I .
A d
= kiuy + kyu, + kaus where k; = "2

J 2



Uv-ﬁdxdy= jﬂﬁ- e dl
S aS

1 g > — 1 - - N
== [u1/1 + 4 Uppig 3 + uz/l] - (—n3) + ‘ [uz/l + 4 Uppig 1 + ug/l] - (—ny)

1 S S .
+ G [ul/l + 4 Upigq1 T u3/1] - (—ny)



To find the U4 ; is always a concern. There are two ways of doing it:

1) Submesh Reconstruction
2) Gradient Recovery

j=3 j=3
Us
Vu3
Uq
Uy
’ Vuq Vi,

Submesh cReconstruction g'cadien.t cR_ecove'c#



Gradiient Recovery

Step 1 : Find the gradient for each cell using Green-Gauss theorem. The
gradient for each cell is always a constant

T 1 = 1 =
Vu =§ un-dF=EZunj
oT JET

Step 2 : The nodal gradient at node i is taken as the weighted average of Fu’
from the cell sharing it.

ZTeuAi Srvu’
Vui =

ZTeuAi St

Similar procedures are applied until all the nodal gradient has been evaluated.



Step 3 : Estimating the value of u,,;,4 ;. Take note that the position of the mid-
point, X,,, is never sought.

up +u, Vu, — Vu, . .
umid,j — 2 + ) ) (xp _xm)

For example, u,,;4 1 is sought as letting




7 hivd-Ovdev-SAccurate : Zfnsteady

Aside to the two conditions mentioned for steady case, for unsteady problem,
the time derivative has to be third-order-accurate in [illie (i.e. At3) to give the
scheme third-order-accurate in DOl fime and space.

Z {Zm aué(t)wlc/) }—0+0(h4)

TeUA; \jET —~—
g J
Y . .
Steady residual [ ux residusl
Unsieady residusl

For the sake of brevity, let us re-write the unsteady residual as

>l + 9T} =0

TeUA;

The evaluation of flux residual is already mentioned in previous slides.



The unsteady residual is evaluated as following:
1 Sr (du 1 Sr (ou
r—_|pl — TZ= _ T [ZZ
o= -3) 25 (5) 525 (5)
JET J JET mid,j

where

(a_u> C 11wt - 18ul + 9 ut Tt - 2w + 0(at%)
- 6 At
J

+ 0(At3)

dt

(6_u> 1 Umia ;i — 18Umiq i + 9 Unig i — 2Upd
mid.] 6 At

Finally, the equation of system at time level n + 1 is approximated using dual-
time-stepping

At
n+1k+1 _  n+1lk T T\nt1k
U; = U - < Z(¢i+¢i)



NumeriCal Results

Steady Casg : lsingar & Circular ddveection

Unsteady Case : lsingar & Circular ddvection



Constant linear advection speed: | 1 = (2,1)T Domain: | 2 =[0,1]*> € R?
» _ | cos(mx) ; y=0
Initial Guess : ur,y) = {0 ; 0<y<1

Exact solution (for steady state) ; u(x,y) = cos[m(x — 2 y)]

Boundary Conditions :

The boundaries are always set to the exact solution.

u(x,y) = cos[rm(x — 2 y)] for (x,y) € 002

1
0.3
0.6
0.4

0.z
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Steady Case : Civcular Advection

] 1 1
Averaged circular velocity : 1=@@,-07 where X = 52 j y = 52 Vi

JET Jer

Domain : N =[-1,1]x[0,1] € R?

G(x) {(x,y): —075<x< —0.25y=0}

Initial Guess: | u(x,y) =4G(—x) ,{(x,y): 0.25 < x < 0.75,y = 0}

0 otherwise

gldx+3) ,{(x,¥):—0.75<x <—-0.5,y = 0}

inwhich  G(x) = {g(_4x —1) ,{(xy):—0.5<x < -0.25y =0}

where g(x) = x>(70 x* —315x3 + 540 x2 — 420 x + 126)

Boundary Conditions :

G(x) {(x,y): —0.75<x < —0.25,y = 0}
u(x,y) =< G(—x) {(x,y): 0.25 <x <0.75,y = 0}
0 (AUBUCO)U{(x,y):x= -1} U{(x,y):x =1} U{(x,y):y =1}
where A={(x,y):—1<x<-0.75,y = 0}
B ={(x,y):—0.25 < x <0.25,y = 0}

C={(xy):075<x<1,y =0}

: ) _|G(—=r) , 0.25 <r <0.75 N e
Exact solution (for steady state) : | u(x,y) = { 0 T elsewhere where r=,x2+y
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Constant linear advection speed: | 1 = (1,2)7

Domain: | 02, =02x]0,t] =

Initial Condition :

Final solution :

Boundary Conditions: | Periodic boundary condition for

1

0.5

e

04

nz

1

0.8

06

04

nz

2% [0,1] € R? x R*

u(x,y,0) = u(x,y,1) = sin(2rx) sin(2my)

(x,y) € 002
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Zosteady Case : Civeular Advection

. . 3 1 1
Averaged circular velocity : 1= (=2ny,2r)T  where X = §Z X; y= 52 Yj

JET jer

Domain: | 02, =02x]0,¢t] =[1,1]*>%[0,1] € R? x R*

Initial Condition ;

cos® 2nr) r <0.25
0 r > 0.25

u(x,y,0) =u(x,y,1) = { where 1 =/(x + 0.5)2 + y2

Final solution :

Boundary Conditions: | All the boundaries are always set to be 0. u(x,y,t) =0 for (x,y) €00
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TrunhCation Errors
Analysis

Steady Case: a, > a,

Unsteady Casg: a, < a,



~tuncation Lrrovs : Steady

The disadvantage of using gradient recovery approach in estimating ;g ; is
that the scheme is no longer on compact stencil.

L J
M K |

N B H
0 C A G
1 4 )
P D F X
Q F W
1
R T \Y)
S U
1

Expand the Taylor’s expansion series in x and y-coordinates. For examples,

dug 1 0%u
U = Up+ Ax —+ = Ax? .

0x 2 dx2 +0(8x%)

2 2
d“uy d“uy

+2 (2 Ax)(Ay) 0%y
0x? XREY 0xdy

dy?

Ug = U + <(2 Ax) % + (Ay) 66—1;0> + ((2 Ax)? + (Ay)? ) + 0(Ax3, Ay3)

2 2
d“uy d“uy

+2 (= Ax)(= 2 Ay) 0%uy
0x? x Y 0xdy

dy?

+ (— 2 Ay)?

Ui = Ug + <(— Ax)% + (— 2 Ay) 56_7;0) + <(— Ax)? ) + 0(Ax3, Ay3)



Step 1 : Evaluate cell gradient using the formula:

vul = iz un;
28 J

JET
For examples,

U —u Uy — U Ug — U Ug — U
A_ 1 0 A 2 1 A ]= 9 10 A 10 2 n~
Vu —( Ax ) L+ ( Ay ) ] Vu (—Ax ) L+ <—Ay > J

Step 2 : Find the nodal gradient numerically, using the results from step 1.

ZTeuAi Srvul
\7ul- =

ZTeuAi ST

For example,

2U;+ Uy — U3z —2Uy — Us+ Ug) . Uy — U +2uz+ uy — us — 2 ug
Vug = Ax L+



Step 3 : Evaluate the flux residual using Simpson’s rule.
A7 k;
J j
¢T=_Z c [t + 4 umig j + up| = —Zg[um+4umid,j+up]
JET JET

For triangularcell T = A

A 0 A
¢ =—?[3u1+3u2—EAy]-(Vuz—Vul)]
ki 1, 1
4 —?[3u0+3u2+§Axl-(l7u0—Vu2)+EAy]-(l7u0—\7u2)]
ks 1
, —?l3u0+3u1—EAxL-(Vul—VuO)]
i=0 =1
where .
k64=—§axAy
L1 1
kl—zaxAy—anAx
1
ks = = a, Ax



N Al A H
(0 G
1 — E J
P D E/‘ F X
Q . w
1 b A
R T VvV
S U

1

For linear advection speed a, > a,, , as illustrated in figure above, only
element T = C, D, E will contribute tonodei = 0.

D BIGT = BEGC + BROP + R

TEUA,



FromT = C k§ LW G
. 00 =3 p@+ 3@~ 581 s — 7w
a, Ax c < @
C_-1 -2 _ kr 1o Lavs). _
Bo a, Ay 2 3@+ 3+ 2Axt+ ZAy] (Vuy, — Vusy)
K [3.+3@_ L acie g - Vu4)]
here kS =— = a A k§ = A A :
W 0——§axy 1—Eax y—zayx kzziayAx
FromT = D kg 1 s 2
== @ 3@ g art- s - T
gD =1 §cD 1 ¥ 1 @
__0[3.+3@+—ij-(71¢5 — Vu4)]
;D 1 ¥
_?4 [3’+ 3@ < AxT+ = Ay]>l Vuy — Vus)]
where k2 =—2a, A kg = A o2 _
5_—§ayx o—Eaxy k4=_§axAy+§ayAx
FromT = E kE
¢E:_?5[3@+3——A e (T Vu6>]
E_ayAx kg 1
Bo = 2. by - [3+ 3@+ <2 Axi+ = Ay]) (\7 Us — Vuo)]
l3@+ 3.— = Ax1- (Vus = Vue)]
h KE=— 14 a kE = A A 0
where ——Eaxy 6—2axy—§ayx kozzayAx



~tuncation Lrvors : Zfnsteady

The flux residual at time level n + 1 is evaluated exactly the same as for the
steady case.

However, when it comes to the unsteady residual, time has to be considered
as the third variable.

u(t™?! + At,xy + Ax,y, + Ay)

0 0 0
— n+1 + + + n+1
ug "+ ((_At) 3 + (+Ax) EP + (+Ay) _ay> ug

1 62 62 62 2 2
S| (FAD)? — + (FAX)* — + (FAy)* — + 2(FAD) (+A 2(+At)(£A

t2



Steps employed in approximating u,,;4,; have to be repeated here, but with the
Taylor’s expansion series including the time, u(¢"*! + At,x, + Ax,y, + Ay)

The contribution of unsteady residual from each element to node i = 0 has to be

considered.
Yl +e} =0

TEUA;

where the unsteady residual generally involves discretization of time derivative to
third-order-accurate in time.

+1 -1 —2
a_u _ 11 u]’-1 — 18u}‘ +9 u}‘ — Zu}‘ +0(At)
ot j 6 At

+ 0(At3)

(a_u> _ 1lugiz; — 18upg ; + 9 Uia,j — 2Umia
midf 6 At



ULEACTCUZOUCIRIEC CICEN  linear advection speed a, > a

d d
Z (B ¢]) = Ax Ay <axa+ay$>uo

TeEUA;
2 2 2 2
_ Iy a26—+a 2a—+2aa 9
¥ ox2 Y 9y? X7V 0x0y

2 a, )uo + 0(Ax3,Ay3)  --(a)

From the governing equation,
Jdu Jdu __(b)

/ axa+ay@=0 \

————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————

—————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————

i 8_u+ a_u _ i(O) d au du\ 0
Dox\ P ox T dy ~ Moy oy ay * dx ax Yoy dy ay—( )

, 0%u d°%u , 0%u
Clx Ox 2+2axaym+ay a—yz=0 “(C)

Substitute equations (b) and (c) into (a),

> (BTl = 0%, 89%)

TeEUA;



ULEACOCUBUCDULGEC CIOCEEY  linear advection speed a, < ay

n+1 10 0 o
z (W] +¢])  =AxAy <——__|_ Qx +a, ay) o+

30t

TeEUA;
1 AxAy? [ 2 E 92 Gk Gk 92

= 2 . n+1 0 At3,A 3,A 3
2 a, ( gz T gt 32 T % 5ax T W aray T 200 gagy W0 O AXS AY7)

-(a)

From the governing equation,

Jdu N Jdu N Jdu _ 0 --(b)
Gogx T Y dy

at -----------------------------------------------
ou du  du f(o _( ~a a)\ i
ot Moax Doy  \ 0t TN B T Yoy u_l
e ¢ m— m———— e — e —
. ou . ou
Apply this operator on P Apply this operator on %
d \ou 9, d \ou d\du d d \ou
—|7==-"ax—ay |5 ~|7==\—"—ay |5
dt | 0x d0x dy ) 0x ot/ dy d0x dy ) dy
0%u 0%u 0%u 0%u 0%u 0%u
=T Uo7 = T Axo - Ay o
dtdx dx dyox dtdy dxdy ady
0°u , 0%u 0%u T 0%u ,0%u
“orax M axz T Y yoax Yotay T T W oxay ~ Y 5y2
0%u N 0%u Zazu _, 0%u , 0%u (c)
“orax T Wartay T M axz T ‘MY apax T Y Gy2



In the last expression, we have used the property of
0°u  0%u
dxdy 0ydx

which holds if and only if u(x, y) is smooth and continuous.

Substitute equations (b) and (c) into (a), one yields

+1_ Abdx Ay Juftt
Z (l/)l + ¢; )n 2 » + 0(At3, Ax3,Ay3)

TEUA;
4Ax Ay oullt?

3 ot
method fails to behave third-order-accurate in space for unsteady problem.

The appearance of the — term is the main reason on why the
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