Unhsteady SCalar
Conservation [Law:
ImpllClt § EXpliCit

-'i S i &

-5
' .
]
I 1_‘}‘{: LY

ey A b

group of Computatwna[ j—“[uw[ Dynamlcs
School of Aerospace Engineering
Universiti Sains Malaysia
25" May 2016.
Presenter : Neoh Soon Sien
Supervisor : Drv. Farzad Ismail



1) Implicit Five-Stage
Runge-Kutta Method

2) Implicit Scheme for
Circular Advection &
Burgers’ Equation

3) Explicit Runge-Kutta for
Time-Dependent Problem




*» Inthis setion, wewill dsauss aout the
Inplicit five-stage Runge-Kutta method.
(A Jameson B9)

“» Next, we will investigate the inplicit
scheme with pseudo-tine iteration
without the five-stage Runge-Kutta
subiterations. (Rossiello et al.)




Inpliat Hve-Stage Runge-Kutta Method

This method is originally proposed by A. Jameson in year 1991.
Scalar conservation law is given by

au+ V 0
5% a-Vu=

In linear advection problem, d is always constant for all time step.
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In non-linear advection problem, a changes with time.
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In linear advection problem:
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Inpliat Method
(without the Fve Stage Runge-Kutta Method)
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Implicit Scheme for
Circular Advection & v

< Study thevaidty of inplidt scherewith _J '
and without the five-stage Runge-Kutta "\ F
sub-Iterations.

¢ Investigating the inplicit scheme for two-
tine-level and also three-tine-level of the
tine derivatives discretisat ion.

Burgers’ Equation &'\l



Grada Advetion

Ju Ju Jdu
(= - R 0. =0x[01
™ + (—2my) Ix + (2mx) 3y 0 t 10,1]
In spatial domain of N=[-11] x[-1,1]
Initial Condition:
cos?(2nr) if r<0.25
= ‘ r =+/(x+ 0.5)% + y?
u(r,0) {0, if r > 0.25 v Yy

Boundary Condition:

u(r,t) =0 for (x,y) € 012



-1.3 Implicit Scheme |
8}
P |
f/./'
1.4 et
Il o
il
i
1.5 —
[T
/)_I Iy
.16 -
o il
= ¥
LLl 3
Mz /E"’
1.8 sa
i —H—— Dual Implicit (Two-Time-Lewvel), 1.558357
-1.9 = 2 H Dual Implicit (Three-Time-Level), 1.60199
[‘3/ / —+=— Implicit FK (Two-Time-Lewvel), 1.5835
I
-2-2 -19% -19 -185 -1.8 -1.75 1.7 -1865%  -1.

cx



By increasing the CFL numbers from 0.9 to 5.0, there will be some effects on the
L2 and L1 errors.
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The contour plot and the cross-sectional plot for 100 X 100 diamond grid are

plotted.
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Special case:

Types of Solution

Leneral case:

Classical
Solution

Weak

Solution

Allows discontinuous and non-smooth
solutions for the PDE

The PDE must have continuous and smooth

solutions
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Weak Solution OF Generalised Soluiion

" For some test case there is only weak solution but no classical solution.
This is because the analytical (or exact) solution might not be

I.  continuous

ii.  smooth (differentiable)
= Riemann’s problem is one typical example which has weak solution only.
The weak solution exist as long as it fulfils the following conditions:

i.  at points of continuity

au+\7 F=0
ot B

ii.  at points of discontinuity — jump (s/e‘ocE) condition
—s(u"—u)+(F —F")=0

or
stum—ut)=(F" —F")
= |n gas dynamics, this jump (shock) condition is known as Rankine-
Hugoniot condition.



Two general test cases of Riemann’s problem:
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Shock
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(lassical Solution

I continuous

ii. smooth (differentiable)
Only PDE with classical solution can be used for the second order accuracy

test.

Linear Initial Data

Examples are fully expansive waves, and their initial data are:

For some test case there is only weak solution but no classical solution.
The analytical (or exact) solution must be

Quadratic Initial Data




Burgars’ Equation— Linear Initial Data

du N du N du 0
ac " “ox Yoy
Spatial domain: 2 € [0, 1]? Time domain: ¢t € [0,1]
+ . . X +
Initial data: u(x,y,0) = z > 4 Final Solution: u(x,y,1) = 2 4
.. X+y
Boundary conditions on 0 for all t € (0,1]: u(x,y,t) = > T ot
U U t=1
1 frorerareneny . ‘[ e .
i oy |
1 1 2

> X,y



The initial condition and exact final solution for 100 X 100 diamond grid are
given for linear test case.

Linear Initial Data (t =0 Linear Final Data (t = 1
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Burga's’ Eguation— Quadratic Initial Deta
du du du 0
E + LLE +u @ =
Spatial domain: 2 € [0, 1]? Time domain: t €[0,1]
x + y)z
2 2
Final Solution: u(x,y,1) = (—% + %\/1 + 2(x + y))
Boundary conditions on 9.2 for all t € (0,1]:

1 1 ?
u(x,y,t) = _E-I_E\/l + 2t(x +y)

Initial data: u(x,y,0) = (
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The initial condition and exact final solution for 100 X 100 diamond grid are

given for quadratic test case.
Quadratic Final Data (t = 1)__}_- ‘

Quadratic Initial Data (t = 0) e
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¢ This is thework proposec
Agrall (20D). a R
<% The explicit scheme can be inplemented in = ;
two ways, either two-stage Runge-Kutta — wi®\
or three-stage Runge-Kutta intermediate

steps. e will enphasise only on he
former.



Boliat Two-Stage Runge-Kutta Method
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Crada Advetion

Explicit Scheme B
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The contour plot and the cross-sectional plot for 100 X 100 diamond grid are
plotted.
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Burgars’ Equation— Linear Initial Data
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Burgars’ Equation— Quadratic Initial Data

'Diamond Grid ]| g 'RR Grid|
s
- m -2.6
7
/s -
-~
/ . i z
/ -
4 /2/ 28 AT
-~
slope 1 - slope 1| ~
m -~
i o "
g 2 S8 Ny
e LI.J -
o pai
/F_‘Zl// - - grag
o G
| =
L 3.2 / B
PMEN: g
Euf
—FE— Emplicit RK (Selectively Lumped) || -3 4[3/ —F— Esplicit RK (Selectively Lumped)
—+F— E=plicit RK (Globally Lumped) ) —F— Explicit RK (Globally Lumped)
-1.8 -1.7 -1.6 -1.5 -1.4 -1.. -2 -1.9 -1.8 -1.7 -1.6 -1.5 -1.4

dx dx



	Unsteady Scalar Conservation Law:�Implicit & Explicit
	Contents
	Implicit Five-Stage Runge-Kutta Method
	Implicit Five-Stage Runge-Kutta Method
	Slide Number 5
	Slide Number 6
	Implicit Method �(without the Five Stage Runge-Kutta Method)
	Implicit Scheme for Circular Advection & Burgers’ Equation
	Circular Advection
	Slide Number 10
	Slide Number 11
	Slide Number 12
	Slide Number 13
	Types of Solution
	Slide Number 15
	Slide Number 16
	Slide Number 17
	Burgers’ Equation – Linear Initial Data
	Slide Number 19
	Slide Number 20
	Burgers’ Equation – Quadratic Initial Data
	Slide Number 22
	Slide Number 23
	Explicit Runge-Kutta for Time-Dependent Problem
	Explicit Two-Stage Runge-Kutta Method
	Circular Advection
	Slide Number 27
	Burgers’ Equation – Linear Initial Data
	Burgers’ Equation – Quadratic Initial Data

