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2D Maxwell’s Equations
& Inflow Matrices



𝛻𝛻 × 𝐸𝐸 = −𝜇𝜇
𝜕𝜕𝐻𝐻
𝜕𝜕𝜕𝜕

𝛻𝛻 × 𝐻𝐻 = 𝐽𝐽 + 𝜀𝜀
𝜕𝜕𝐻𝐻
𝜕𝜕𝜕𝜕

𝛻𝛻 × 𝐸𝐸 = −
𝜕𝜕𝐵𝐵
𝜕𝜕𝜕𝜕

𝛻𝛻 × 𝐻𝐻 = 𝜇𝜇𝐽𝐽 + 𝜀𝜀𝜇𝜇
𝜕𝜕𝐻𝐻
𝜕𝜕𝜕𝜕

𝐵𝐵 = 𝜇𝜇𝐻𝐻

Assuming there is no source current, 𝐽𝐽 = 0

𝜕𝜕𝐻𝐻𝑥𝑥
𝜕𝜕𝜕𝜕

=
1
𝜇𝜇

𝜕𝜕𝐸𝐸𝑦𝑦
𝜕𝜕𝜕𝜕

−
𝜕𝜕𝐸𝐸𝑧𝑧
𝜕𝜕𝑦𝑦

𝜕𝜕𝐻𝐻𝑦𝑦
𝜕𝜕𝜕𝜕

=
1
𝜇𝜇

𝜕𝜕𝐸𝐸𝑧𝑧
𝜕𝜕𝜕𝜕

−
𝜕𝜕𝐸𝐸𝑥𝑥
𝜕𝜕𝜕𝜕

𝜕𝜕𝐻𝐻𝑧𝑧
𝜕𝜕𝜕𝜕

=
1
𝜇𝜇

𝜕𝜕𝐸𝐸𝑥𝑥
𝜕𝜕𝑦𝑦

−
𝜕𝜕𝐸𝐸𝑦𝑦
𝜕𝜕𝜕𝜕

𝜕𝜕𝐸𝐸𝑥𝑥
𝜕𝜕𝜕𝜕

=
1
𝜀𝜀

𝜕𝜕𝐻𝐻𝑧𝑧
𝜕𝜕𝑦𝑦

−
𝜕𝜕𝐻𝐻𝑦𝑦
𝜕𝜕𝜕𝜕

𝜕𝜕𝐸𝐸𝑦𝑦
𝜕𝜕𝜕𝜕

=
1
𝜀𝜀

𝜕𝜕𝐻𝐻𝑥𝑥
𝜕𝜕𝜕𝜕

−
𝜕𝜕𝐻𝐻𝑧𝑧
𝜕𝜕𝜕𝜕

𝜕𝜕𝐸𝐸𝑧𝑧
𝜕𝜕𝜕𝜕

=
1
𝜀𝜀

𝜕𝜕𝐻𝐻𝑦𝑦
𝜕𝜕𝜕𝜕

−
𝜕𝜕𝐻𝐻𝑥𝑥
𝜕𝜕𝑦𝑦

The Complete 3D Maxwell’s Equations



Recasting the 2D Maxwell’s equations in a form similar to conservation law gives

𝜕𝜕𝑈𝑈
𝜕𝜕𝜕𝜕

+ 𝛻𝛻 � 𝔽𝔽 = 0

𝜕𝜕𝑈𝑈
𝜕𝜕𝜕𝜕

+ 𝛻𝛻 � 𝔸𝔸𝑈𝑈 = 0

𝜕𝜕𝐸𝐸𝑥𝑥
𝜕𝜕𝜕𝜕

=

𝜕𝜕𝐸𝐸𝑦𝑦
𝜕𝜕𝜕𝜕

= −
1
𝜀𝜀
𝜕𝜕𝐻𝐻𝑧𝑧
𝜕𝜕𝜕𝜕

𝜕𝜕𝐻𝐻𝑧𝑧
𝜕𝜕𝜕𝜕

= −
1
𝜇𝜇
𝜕𝜕𝐸𝐸𝑦𝑦
𝜕𝜕𝜕𝜕

+
1
𝜇𝜇
𝜕𝜕𝐸𝐸𝑥𝑥
𝜕𝜕𝑦𝑦

1
𝜀𝜀
𝜕𝜕𝐻𝐻𝑧𝑧
𝜕𝜕𝑦𝑦

𝔸𝔸 = 𝐴𝐴𝑥𝑥,𝐴𝐴𝑦𝑦

𝐴𝐴𝑥𝑥 =

0 0 0

0 0 −
1
𝜀𝜀

0 −
1
𝜇𝜇

0

𝐴𝐴𝑦𝑦 =

0 0
1
𝜀𝜀

0 0 0
1
𝜇𝜇

0 0

𝜕𝜕𝑈𝑈
𝜕𝜕𝜕𝜕

+ 𝔸𝔸 � 𝛻𝛻𝑈𝑈 = 0

𝕂𝕂𝑗𝑗 =
1
2
𝐴𝐴𝑥𝑥𝑛𝑛𝑗𝑗𝑥𝑥 + 𝐴𝐴𝑦𝑦𝑛𝑛𝑗𝑗𝑦𝑦

𝑛𝑛𝑗𝑗 = 𝑛𝑛𝑗𝑗𝑥𝑥 �𝜕𝜕 + 𝑛𝑛𝑗𝑗𝑦𝑦 �𝑦𝑦

𝑗𝑗

𝑛𝑛𝑗𝑗
Inflow matrix

𝑈𝑈 = 𝐸𝐸𝑥𝑥,𝐸𝐸𝑦𝑦 ,𝐻𝐻𝑧𝑧The conserved variables



𝑛𝑛𝑗𝑗 = 𝜂𝜂𝑗𝑗𝑥𝑥 𝑛𝑛𝑗𝑗 �𝜕𝜕 + 𝜂𝜂𝑗𝑗𝑦𝑦 𝑛𝑛𝑗𝑗 �𝑦𝑦
𝑛𝑛𝑗𝑗

𝜂𝜂𝑗𝑗𝑥𝑥 �𝜕𝜕 =
𝑛𝑛𝑗𝑗𝑥𝑥
𝑛𝑛𝑗𝑗

�𝜕𝜕

𝜂𝜂𝑗𝑗𝑦𝑦 �𝑦𝑦 =
𝑛𝑛𝑗𝑗𝑦𝑦
𝑛𝑛𝑗𝑗

�𝑦𝑦

𝜂𝜂𝑗𝑗𝑥𝑥 �𝜕𝜕 and  𝜂𝜂𝑗𝑗𝑦𝑦 �𝑦𝑦 being the unit vectors.

𝑛𝑛𝑗𝑗 being the magnitude of the inward scaled normal. 

𝕂𝕂𝑗𝑗 =
𝑛𝑛𝑗𝑗
2
ℝ𝛬𝛬ℝ−1The inflow matrix can be diagonalised such as

The reason of simplifying the notation of the scaled inward normal is such that we 
can use it to simplify the flux-splitting of inflow matrix due to 

𝜂𝜂𝑗𝑗𝑥𝑥2 + 𝜂𝜂𝑗𝑗𝑦𝑦2 = 1

ℝ =

−𝜂𝜂𝑗𝑗𝑦𝑦
𝜇𝜇
𝜀𝜀

𝜂𝜂𝑗𝑗𝑥𝑥 𝜂𝜂𝑗𝑗𝑦𝑦
𝜇𝜇
𝜀𝜀

𝜂𝜂𝑗𝑗𝑥𝑥
𝜇𝜇
𝜀𝜀

𝜂𝜂𝑗𝑗𝑦𝑦 −𝜂𝜂𝑗𝑗𝑥𝑥
𝜇𝜇
𝜀𝜀

1 0 1

𝛬𝛬 =
−𝑐𝑐 0 0
0 0 0
0 0 𝑐𝑐

𝑐𝑐 = 𝜇𝜇𝜀𝜀 −12

Set of eigenvectors : right-eigenvector

Eigenvalues Speed of light



𝕂𝕂𝑗𝑗+ =
𝑛𝑛𝑗𝑗
2
ℝ𝛬𝛬+ℝ−1 =

𝑛𝑛𝑗𝑗
4𝑍𝑍

𝑐𝑐𝜂𝜂𝑗𝑗𝑦𝑦2𝑍𝑍 −𝑐𝑐𝜂𝜂𝑗𝑗𝑥𝑥𝜂𝜂𝑗𝑗𝑦𝑦𝑍𝑍 𝑐𝑐𝜂𝜂𝑗𝑗𝑦𝑦𝑍𝑍2

−𝑐𝑐𝜂𝜂𝑗𝑗𝑥𝑥𝜂𝜂𝑗𝑗𝑦𝑦𝑍𝑍 𝑐𝑐𝜂𝜂𝑗𝑗𝑥𝑥2𝑍𝑍 −𝑐𝑐𝜂𝜂𝑗𝑗𝑥𝑥𝑍𝑍2

𝑐𝑐𝜂𝜂𝑗𝑗𝑦𝑦 −𝑐𝑐𝜂𝜂𝑗𝑗𝑥𝑥 𝑐𝑐𝑍𝑍

𝕂𝕂𝑗𝑗− =
𝑛𝑛𝑗𝑗
2
ℝ𝛬𝛬−ℝ−1 =

𝑛𝑛𝑗𝑗
4𝑍𝑍

−𝑐𝑐𝜂𝜂𝑗𝑗𝑦𝑦2𝑍𝑍 𝑐𝑐𝜂𝜂𝑗𝑗𝑥𝑥𝜂𝜂𝑗𝑗𝑦𝑦𝑍𝑍 𝑐𝑐𝜂𝜂𝑗𝑗𝑦𝑦𝑍𝑍2

𝑐𝑐𝜂𝜂𝑗𝑗𝑥𝑥𝜂𝜂𝑗𝑗𝑦𝑦𝑍𝑍 −𝑐𝑐𝜂𝜂𝑗𝑗𝑥𝑥2𝑍𝑍 −𝑐𝑐𝜂𝜂𝑗𝑗𝑥𝑥𝑍𝑍2

𝑐𝑐𝜂𝜂𝑗𝑗𝑦𝑦 −𝑐𝑐𝜂𝜂𝑗𝑗𝑥𝑥 −𝑐𝑐𝑍𝑍

ℝ−1 =
1
2𝑍𝑍

−𝜂𝜂𝑗𝑗𝑦𝑦 𝜂𝜂𝑗𝑗𝑥𝑥 𝑍𝑍
2𝜂𝜂𝑗𝑗𝑥𝑥𝑍𝑍 2𝜂𝜂𝑗𝑗𝑦𝑦𝑍𝑍 0
𝜂𝜂𝑗𝑗𝑦𝑦 −𝜂𝜂𝑗𝑗𝑥𝑥 𝑍𝑍

𝑍𝑍 =
𝜇𝜇
𝜀𝜀

left-eigenvectors Intrinsic impedance



1st Order Upwind FV
& RD Scheme



𝕂𝕂𝑖𝑖𝑗𝑗
𝐿𝐿 =

𝑛𝑛𝑖𝑖𝑗𝑗𝐿𝐿

2
ℝ 𝛬𝛬 ℝ−1 =

𝑛𝑛𝑖𝑖𝑗𝑗𝐿𝐿

2

𝑐𝑐𝜂𝜂𝑖𝑖𝑗𝑗,𝑦𝑦
𝐿𝐿 2 −𝑐𝑐𝜂𝜂𝑖𝑖𝑗𝑗,𝑥𝑥

𝐿𝐿 𝜂𝜂𝑖𝑖𝑗𝑗,𝑦𝑦
𝐿𝐿 0

−𝑐𝑐𝜂𝜂𝑖𝑖𝑗𝑗,𝑥𝑥
𝐿𝐿 𝜂𝜂𝑖𝑖𝑗𝑗,𝑦𝑦

𝐿𝐿 𝑐𝑐𝜂𝜂𝑖𝑖𝑗𝑗,𝑥𝑥
𝐿𝐿 2 0

0 0 𝑐𝑐

𝑖𝑖

𝑗𝑗

𝑛𝑛𝑖𝑖𝑗𝑗𝐿𝐿

𝑛𝑛𝑖𝑖𝑗𝑗𝑅𝑅𝕂𝕂𝑖𝑖𝑗𝑗
𝐿𝐿 =

1
2
𝜕𝜕𝔽𝔽
𝜕𝜕𝑈𝑈

� 𝑛𝑛𝑖𝑖𝑗𝑗𝐿𝐿 =
𝑛𝑛𝑖𝑖𝑗𝑗𝐿𝐿

2
ℝ𝛬𝛬ℝ−1

𝑆𝑆𝑖𝑖
𝑈𝑈𝑖𝑖𝑛𝑛+1 − 𝑈𝑈𝑖𝑖𝑛𝑛

∆𝜕𝜕
= − �

𝑗𝑗∈ 𝑘𝑘 𝑖𝑖

𝐻𝐻 𝑈𝑈𝑖𝑖 ,𝑈𝑈𝑗𝑗 ,𝑛𝑛𝑖𝑖𝑗𝑗𝐿𝐿 + 𝐻𝐻 𝑈𝑈𝑖𝑖 ,𝑈𝑈𝑗𝑗 ,𝑛𝑛𝑖𝑖𝑗𝑗𝑅𝑅

𝐻𝐻 𝑈𝑈𝑖𝑖 ,𝑈𝑈𝑗𝑗 ,𝑛𝑛𝑖𝑖𝑗𝑗𝐿𝐿 =
𝔽𝔽 𝑈𝑈𝑖𝑖 � 𝑛𝑛𝑖𝑖𝑗𝑗𝐿𝐿 + 𝔽𝔽 𝑈𝑈𝑗𝑗 � 𝑛𝑛𝑖𝑖𝑗𝑗𝐿𝐿

2
− 𝕂𝕂𝑖𝑖𝑗𝑗

𝐿𝐿 𝑈𝑈𝑗𝑗 − 𝑈𝑈𝑖𝑖

𝐻𝐻 𝑈𝑈𝑖𝑖 ,𝑈𝑈𝑗𝑗 ,𝑛𝑛𝑖𝑖𝑗𝑗𝑅𝑅 =
𝔽𝔽 𝑈𝑈𝑖𝑖 � 𝑛𝑛𝑖𝑖𝑗𝑗𝑅𝑅 + 𝔽𝔽 𝑈𝑈𝑗𝑗 � 𝑛𝑛𝑖𝑖𝑗𝑗𝑅𝑅

2
− 𝕂𝕂𝑖𝑖𝑗𝑗

𝑅𝑅 𝑈𝑈𝑗𝑗 − 𝑈𝑈𝑖𝑖

1st Order Upwind FV

𝕂𝕂𝑖𝑖𝑗𝑗
± = 𝕂𝕂𝑖𝑖𝑗𝑗

𝐿𝐿 ± 𝕂𝕂𝑖𝑖𝑗𝑗
𝐿𝐿 + 𝕂𝕂𝑖𝑖𝑗𝑗

𝑅𝑅 ± 𝕂𝕂𝑖𝑖𝑗𝑗
𝑅𝑅

𝑆𝑆𝑖𝑖
𝑈𝑈𝑖𝑖𝑛𝑛+1 − 𝑈𝑈𝑖𝑖𝑛𝑛

∆𝜕𝜕
= − �

𝑗𝑗∈ 𝑘𝑘 𝑖𝑖

𝕂𝕂𝑖𝑖𝑗𝑗
+𝑈𝑈𝑖𝑖𝑛𝑛 + 𝕂𝕂𝑖𝑖𝑗𝑗

−𝑈𝑈𝑗𝑗𝑛𝑛

by the use of the identity

inflow matrix

Absolute inflow matrix



1

23

4

5 6

0

𝑛𝑛02𝐿𝐿 𝑛𝑛02𝑅𝑅

1

23

4

5 6

0 1

23

4

5 6

0 1

23

4

5 6

0

1

23

4

5 6

0 1

23

4

5 6

0

𝑛𝑛03𝐿𝐿
𝑛𝑛03𝑅𝑅

𝑛𝑛05𝐿𝐿
𝑛𝑛05𝑅𝑅

𝑛𝑛04𝐿𝐿

𝑛𝑛04𝑅𝑅

𝑛𝑛06𝐿𝐿𝑛𝑛06𝑅𝑅

𝑛𝑛01𝐿𝐿

𝑛𝑛01𝑅𝑅



Lax-Wendroff : 𝑆𝑆𝑖𝑖
𝑈𝑈𝑖𝑖𝑛𝑛+1 − 𝑈𝑈𝑖𝑖𝑛𝑛

∆𝜕𝜕
= − �

𝑇𝑇∈∪∆𝑖𝑖

𝔹𝔹𝑖𝑖
𝑇𝑇𝛷𝛷𝑇𝑇 𝑈𝑈𝑛𝑛

𝔹𝔹𝑗𝑗𝑇𝑇 =
1
3
𝕀𝕀 +

∆𝜕𝜕
2𝑆𝑆𝑇𝑇

𝕂𝕂𝑗𝑗𝑇𝑇

𝑆𝑆𝑖𝑖
𝑈𝑈𝑖𝑖𝑛𝑛+1 − 𝑈𝑈𝑖𝑖𝑛𝑛

∆𝜕𝜕
= − �

𝑇𝑇∈∪∆𝑖𝑖

𝛷𝛷𝑖𝑖𝑇𝑇 𝑈𝑈𝑛𝑛

𝛷𝛷𝑖𝑖𝑇𝑇 𝑈𝑈𝑛𝑛 = 𝕂𝕂𝑖𝑖
+ 𝑈𝑈𝑖𝑖𝑛𝑛 + ℕ�

𝑗𝑗∈𝑇𝑇

𝕂𝕂𝑗𝑗−𝑈𝑈𝑗𝑗𝑛𝑛

ℕ = �
𝑗𝑗∈𝑇𝑇

𝕂𝕂𝑗𝑗+
−1

−𝑈𝑈𝑖𝑖𝑛𝑛

N-Scheme : 

LDA : 𝔹𝔹𝑗𝑗𝑇𝑇 = 𝕂𝕂𝑗𝑗+ �
𝑗𝑗∈𝑇𝑇

𝕂𝕂𝑗𝑗+
−1

Implicit mass-matrix

Explicit High-Order 
Mass-Lumping

(Rosiello et al 2005)

(Ricchiutto & Abgrall 2010)

RD Scheme



�
𝑇𝑇∈∪∆𝑖𝑖

�
𝑗𝑗∈𝑇𝑇

𝕄𝕄𝑖𝑖𝑗𝑗
𝑇𝑇 𝑈𝑈𝑗𝑗

𝑛𝑛+1 − 𝑈𝑈𝑗𝑗𝑛𝑛

∆𝜕𝜕
+

1
2
𝔹𝔹𝑖𝑖
𝑇𝑇𝛷𝛷𝑇𝑇 𝑈𝑈𝑛𝑛+1 + 𝔹𝔹𝑖𝑖

𝑇𝑇𝛷𝛷𝑇𝑇 𝑈𝑈𝑛𝑛 = 0

𝕄𝕄𝑖𝑖𝑗𝑗
𝑇𝑇 =

𝑆𝑆𝑇𝑇
3

𝔹𝔹𝑗𝑗=1𝑇𝑇 𝔹𝔹𝑗𝑗=1𝑇𝑇 𝔹𝔹𝑗𝑗=1𝑇𝑇

𝔹𝔹𝑗𝑗=2𝑇𝑇 𝔹𝔹𝑗𝑗=2𝑇𝑇 𝔹𝔹𝑗𝑗=2𝑇𝑇

𝔹𝔹𝑗𝑗=3𝑇𝑇 𝔹𝔹𝑗𝑗=3𝑇𝑇 𝔹𝔹𝑗𝑗=3𝑇𝑇
Simple-Upwind Mass-Matrix

Implicit Consistent Mass-Matrix

Solve for  𝑈𝑈𝑗𝑗𝑛𝑛+1 using Jacobi’s iteration.

�
𝑇𝑇∈∪∆𝑖𝑖

𝕄𝕄𝑖𝑖𝑖𝑖
𝑇𝑇 +

1
2
𝔹𝔹𝑖𝑖
𝑇𝑇𝕂𝕂𝑖𝑖

𝑇𝑇 𝑈𝑈𝑖𝑖𝑛𝑛+1 = − �
𝑇𝑇∈∪∆𝑖𝑖

�
𝑗𝑗∈𝑇𝑇
𝑗𝑗≠𝑖𝑖

𝕄𝕄𝑖𝑖𝑗𝑗
𝑇𝑇 𝑈𝑈𝑗𝑗

𝑛𝑛+1

∆𝜕𝜕
+

1
2
𝔹𝔹𝑖𝑖
𝑇𝑇�
𝑗𝑗∈𝑇𝑇
𝑗𝑗≠𝑖𝑖

𝕂𝕂𝑗𝑗𝑇𝑇𝑈𝑈𝑗𝑗𝑛𝑛+1 − �
𝑇𝑇∈∪∆𝑖𝑖

−�
𝑗𝑗∈𝑇𝑇

𝕄𝕄𝑖𝑖𝑗𝑗
𝑇𝑇 𝑈𝑈𝑗𝑗

𝑛𝑛

∆𝜕𝜕
+

1
2
𝔹𝔹𝑖𝑖
𝑇𝑇𝛷𝛷𝑇𝑇 𝑈𝑈𝑛𝑛

Iteration : 𝑘𝑘 + 1 Iteration : 𝑘𝑘
Iteration : 𝑘𝑘



Explicit High-Order Mass-Lumping

High-Order 
Mass-Lumping

Selectively 
Lumped

RK2 RK3

Globally 
Lumped

RK2 RK3



𝑆𝑆𝑖𝑖
𝑈𝑈𝑖𝑖1 − 𝑈𝑈𝑖𝑖𝑛𝑛

∆𝜕𝜕
= − �

𝑇𝑇∈∪∆𝑖𝑖

𝔹𝔹𝑖𝑖
𝑇𝑇𝛷𝛷𝑇𝑇 𝑈𝑈𝑛𝑛 𝛷𝛷𝑇𝑇 𝑈𝑈𝑛𝑛 = �

𝑗𝑗∈𝑇𝑇

𝕂𝕂𝑗𝑗𝑈𝑈𝑗𝑗𝑛𝑛

𝑆𝑆𝑖𝑖
𝑈𝑈𝑖𝑖𝑛𝑛+1 − 𝑈𝑈𝑖𝑖𝑛𝑛

∆𝜕𝜕
= − �

𝑇𝑇∈∪∆𝑖𝑖

�
𝑗𝑗∈𝑇𝑇

𝕄𝕄𝑖𝑖𝑗𝑗
𝑇𝑇 − 𝕄𝕄𝑖𝑖𝑗𝑗

𝐺𝐺 𝑈𝑈𝑗𝑗1 − 𝑈𝑈𝑗𝑗𝑛𝑛

∆𝜕𝜕
+

1
2
𝔹𝔹𝑖𝑖
𝑇𝑇𝛷𝛷𝑇𝑇 𝑈𝑈1 + 𝔹𝔹𝑖𝑖

𝑇𝑇𝛷𝛷𝑇𝑇 𝑈𝑈𝑛𝑛

𝕄𝕄𝑖𝑖𝑗𝑗
𝐺𝐺 =

𝑆𝑆𝑇𝑇
12

𝛿𝛿𝑖𝑖𝑗𝑗𝕀𝕀 + 𝟙𝟙

Stage 1:

Stage 2:

Selectively-Lumped (two-stage RK)

The explicit RD framework of Ricchiutto and Abgrall could be summarised in three steps:

Step 1 : Bubble Stabilization

The weak formulation of the upwind RD scheme

�
𝑇𝑇

𝜔𝜔𝑖𝑖
𝜕𝜕𝑈𝑈
𝜕𝜕𝜕𝜕

+ 𝛻𝛻 � 𝔽𝔽 𝑑𝑑𝜕𝜕 𝑑𝑑𝑦𝑦 = 0

�
𝑇𝑇

𝜓𝜓𝑖𝑖 + 𝛾𝛾𝑖𝑖
𝜕𝜕𝑈𝑈
𝜕𝜕𝜕𝜕

+ 𝛻𝛻 � 𝔽𝔽 𝑑𝑑𝜕𝜕 𝑑𝑑𝑦𝑦 = 0 𝜔𝜔𝑖𝑖 = 𝜓𝜓𝑖𝑖 + 𝛾𝛾𝑖𝑖

Lagrange’s basis function 
(Galerkin’s approach if used 
alone)



𝛿𝛿𝑈𝑈1 = 0

𝛿𝛿𝑈𝑈2 = 𝑈𝑈1 − 𝑈𝑈𝑛𝑛

𝛿𝛿𝑈𝑈1 = 𝑈𝑈1 − 𝑈𝑈𝑛𝑛

𝛿𝛿𝑈𝑈2 = 𝑈𝑈2 − 𝑈𝑈𝑛𝑛

Step 2 : Time-Shifted Stabilization Operator

�
𝑇𝑇

𝜓𝜓𝑖𝑖
𝛿𝛿𝑈𝑈𝑘𝑘

∆𝜕𝜕
+ 𝛻𝛻 � 𝔽𝔽 𝑑𝑑𝜕𝜕 𝑑𝑑𝑦𝑦 + �

𝑇𝑇

𝛾𝛾𝑖𝑖
𝛿𝛿𝑈𝑈𝑘𝑘

∆𝜕𝜕
+ 𝛻𝛻 � 𝔽𝔽 𝑑𝑑𝜕𝜕 𝑑𝑑𝑦𝑦 = 0

where for RK2

Step 3 : High-Order Mass-Lumping

�
𝑇𝑇

𝜓𝜓𝑖𝑖
𝛿𝛿𝑈𝑈𝑖𝑖𝑘𝑘

∆𝜕𝜕
𝑑𝑑𝜕𝜕 𝑑𝑑𝑦𝑦 −�

𝑇𝑇

𝜓𝜓𝑖𝑖
𝛿𝛿𝑈𝑈𝑖𝑖𝑘𝑘

∆𝜕𝜕
𝑑𝑑𝜕𝜕 𝑑𝑑𝑦𝑦 = − �

𝑇𝑇∈∪∆𝑖𝑖

𝛷𝛷𝑖𝑖
𝑅𝑅𝑅𝑅(𝑘𝑘)

𝕄𝕄 𝑖𝑖𝑗𝑗
𝑇𝑇 = 𝕄𝕄𝑖𝑖𝑗𝑗

𝑇𝑇 + 𝐾𝐾�
𝑇𝑇

𝜓𝜓𝑖𝑖 − �𝜓𝜓𝑖𝑖 𝜓𝜓𝑖𝑖 𝑑𝑑𝜕𝜕 𝑑𝑑𝑦𝑦 does not affect spatial accuracy

= �
𝑇𝑇

𝜔𝜔𝑖𝑖𝜓𝜓𝑖𝑖 𝑑𝑑𝜕𝜕 𝑑𝑑𝑦𝑦 + 𝐾𝐾�
𝑇𝑇

𝜓𝜓𝑖𝑖 − �𝜓𝜓𝑖𝑖 𝜓𝜓𝑖𝑖 𝑑𝑑𝜕𝜕 𝑑𝑑𝑦𝑦

𝛿𝛿𝕄𝕄𝑖𝑖𝑗𝑗
𝑇𝑇 =

𝑆𝑆𝑇𝑇
36

3𝛿𝛿𝑖𝑖𝑗𝑗𝕀𝕀 − 𝟙𝟙



𝑆𝑆𝑖𝑖
𝛿𝛿𝑈𝑈𝑖𝑖𝑘𝑘

∆𝜕𝜕
= − �

𝑇𝑇∈∪∆𝑖𝑖

𝛷𝛷𝑖𝑖
𝑅𝑅𝑅𝑅(𝑘𝑘) −�

𝑇𝑇

𝜓𝜓𝑖𝑖
𝛿𝛿𝑈𝑈𝑖𝑖𝑘𝑘

∆𝜕𝜕
𝑑𝑑𝜕𝜕 𝑑𝑑𝑦𝑦

Take  𝐾𝐾 = 3

𝑆𝑆𝑇𝑇
12

3𝛿𝛿𝑖𝑖𝑗𝑗𝕀𝕀 − 𝟙𝟙 =
𝑆𝑆𝑇𝑇
3
𝛿𝛿𝑖𝑖𝑗𝑗𝕀𝕀 −

𝑆𝑆𝑇𝑇
12

𝛿𝛿𝑖𝑖𝑗𝑗𝕀𝕀 + 𝟙𝟙

3𝛿𝛿𝕄𝕄𝑖𝑖𝑗𝑗
𝑇𝑇

Galerkin’s



Test Cases : 
Rectangular Waveguide 
(TE mode)



𝐻𝐻𝑧𝑧 = 𝐻𝐻0 cos 𝜅𝜅𝑚𝑚𝜕𝜕 cos 𝜅𝜅𝑛𝑛𝜕𝜕 exp 𝑗𝑗 𝜔𝜔𝜕𝜕 − 𝛽𝛽𝑚𝑚𝑛𝑛𝜕𝜕

𝐻𝐻𝑥𝑥 = 𝑗𝑗𝛽𝛽𝑚𝑚𝑛𝑛
𝜅𝜅𝑚𝑚
𝜅𝜅𝑚𝑚𝑛𝑛
2 𝐻𝐻0 sin 𝜅𝜅𝑚𝑚𝜕𝜕 cos 𝜅𝜅𝑛𝑛𝜕𝜕 exp 𝑗𝑗 𝜔𝜔𝜕𝜕 − 𝛽𝛽𝑚𝑚𝑛𝑛𝜕𝜕

𝐻𝐻𝑦𝑦 = 𝑗𝑗𝛽𝛽𝑚𝑚𝑛𝑛
𝜅𝜅𝑛𝑛
𝜅𝜅𝑚𝑚𝑛𝑛
2 𝐻𝐻0 cos 𝜅𝜅𝑚𝑚𝜕𝜕 sin 𝜅𝜅𝑛𝑛𝜕𝜕 exp 𝑗𝑗 𝜔𝜔𝜕𝜕 − 𝛽𝛽𝑚𝑚𝑛𝑛𝜕𝜕

𝐸𝐸𝑥𝑥 = 𝑗𝑗𝜔𝜔𝜇𝜇
𝜅𝜅𝑛𝑛
𝜅𝜅𝑚𝑚𝑛𝑛
2 𝐻𝐻0 cos 𝜅𝜅𝑚𝑚𝜕𝜕 sin 𝜅𝜅𝑛𝑛𝜕𝜕 exp 𝑗𝑗 𝜔𝜔𝜕𝜕 − 𝛽𝛽𝑚𝑚𝑛𝑛𝜕𝜕

𝐸𝐸𝑦𝑦 = − 𝑗𝑗𝜔𝜔𝜇𝜇
𝜅𝜅𝑚𝑚
𝜅𝜅𝑚𝑚𝑛𝑛
2 𝐻𝐻0 sin 𝜅𝜅𝑚𝑚𝜕𝜕 cos 𝜅𝜅𝑛𝑛𝜕𝜕 exp 𝑗𝑗 𝜔𝜔𝜕𝜕 − 𝛽𝛽𝑚𝑚𝑛𝑛𝜕𝜕

𝜅𝜅𝑚𝑚 =
𝑚𝑚𝜋𝜋
𝑎𝑎

𝜅𝜅𝑛𝑛 =
𝑛𝑛𝜋𝜋
𝑏𝑏

𝜅𝜅𝑚𝑚𝑛𝑛
2 = 𝜅𝜅𝑚𝑚2 + 𝜅𝜅𝑛𝑛2

𝛽𝛽𝑚𝑚𝑛𝑛
2 = 𝑘𝑘2 − 𝜅𝜅𝑚𝑚𝑛𝑛

2 = 𝜔𝜔2𝜇𝜇𝜀𝜀 − 𝜅𝜅𝑚𝑚𝑛𝑛
2

Test Case : 2D Unsteady Maxwell’s Equations 
(TE mode)

The complete solution of 3D Maxwell’s equation (TE mode : 𝐸𝐸𝑧𝑧 = 0)



𝐻𝐻𝑥𝑥 = 0 = 𝑗𝑗𝛽𝛽𝑚𝑚𝑛𝑛
𝜅𝜅𝑚𝑚
𝜅𝜅𝑚𝑚𝑛𝑛
2 𝐻𝐻0 sin 𝜅𝜅𝑚𝑚𝜕𝜕 cos 𝜅𝜅𝑛𝑛𝜕𝜕 exp 𝑗𝑗 𝜔𝜔𝜕𝜕 − 𝛽𝛽𝑚𝑚𝑛𝑛𝜕𝜕

𝐻𝐻𝑦𝑦 = 0 = 𝑗𝑗𝛽𝛽𝑚𝑚𝑛𝑛
𝜅𝜅𝑛𝑛
𝜅𝜅𝑚𝑚𝑛𝑛
2 𝐻𝐻0 cos 𝜅𝜅𝑚𝑚𝜕𝜕 sin 𝜅𝜅𝑛𝑛𝜕𝜕 exp 𝑗𝑗 𝜔𝜔𝜕𝜕 − 𝛽𝛽𝑚𝑚𝑛𝑛𝜕𝜕

𝛽𝛽𝑚𝑚𝑛𝑛 = 0

𝐻𝐻𝑧𝑧 = 𝐻𝐻0 cos 𝜅𝜅𝑚𝑚𝜕𝜕 cos 𝜅𝜅𝑛𝑛𝜕𝜕 cos 𝜔𝜔𝜕𝜕 + 𝜙𝜙

𝐸𝐸𝑥𝑥 = − 𝜔𝜔𝜇𝜇
𝜅𝜅𝑛𝑛
𝜅𝜅𝑚𝑚𝑛𝑛
2 𝐻𝐻0 cos 𝜅𝜅𝑚𝑚𝜕𝜕 sin 𝜅𝜅𝑛𝑛𝜕𝜕 sin 𝜔𝜔𝜕𝜕 + 𝜙𝜙

𝐸𝐸𝑦𝑦 = 𝑗𝑗𝜔𝜔𝜇𝜇
𝜅𝜅𝑚𝑚
𝜅𝜅𝑚𝑚𝑛𝑛
2 𝐻𝐻0 sin 𝜅𝜅𝑚𝑚𝜕𝜕 cos 𝜅𝜅𝑛𝑛𝜕𝜕 sin 𝜔𝜔𝜕𝜕 + 𝜙𝜙

and the angular frequency is given as

𝜔𝜔2𝜇𝜇𝜀𝜀 = 𝜅𝜅𝑚𝑚𝑛𝑛
2𝛽𝛽𝑚𝑚𝑛𝑛2 = 0

𝜔𝜔 = c
𝑚𝑚𝜋𝜋
𝑎𝑎

2
+

𝑛𝑛𝜋𝜋
𝑏𝑏

2
is known as the cut-off frequency of the rectangular waveguide 

Introducing the phase difference 
𝜙𝜙 into the solutions, without 
affecting the results.

⇒



𝑚𝑚 = 2 and  𝑛𝑛 = 2 have to be even integer in order to apply the periodic boundary condition.



L2 - Errors



0 1 2 3

4 5 6 7

0
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8 9 10 11 8
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0 1 2 3 0

Periodic Boundary Condition



Examples of Rectangular 
Waveguides



Waveguide propagation

Rectangular waveguide

Example of waveguide experiments



Optical Waveguiding Module - OptoScience
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