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Maxwell’s Equations in 3D

The last two coupled Maxwell’s equations for electrodynamics are given as
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Assuming there is no source current,f =0
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and we further assume that
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and we further assume that
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Maxwedl’s Equations in 2D
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Maxwell’s Equations in 1D
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Let us discretise the linear scalar advection problem using Forward-Time Centered—Space
finite-difference method:

ou N ou 0
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dt 0x

At 2Ax 49—
The scheme is second-order-accurate in space but Oinchiet
first-order-accurate in time. /me
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Consider for TE-mode in 1-D,

J0H, JE,,
Ko = ox
gaﬂ _ 0H,
dt dx
For mode m =
t=0
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The analytical solution for the TE mode problem is
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1D Unsteady problem — 2D Steady Problem

Wecanmapt — y

mmx mmnx

H,,(x,t) = B cos w,,t cos T =) H,.,(x,y) = B cos w,,y cos 3

B mm mix B mm mix

E,..(x,t) = ———sin w,,t Ssin E,..(x,y) = ————sinw,,y sin
m=1
According to the physical significance of the problem,

mcm
m-mode angular frequency, Wy = —— m is the mode number
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Finite-Difference

Ey[i + 1!].] — Ey[i - 1»j] n Hz[iij + 1] _ Hz[iij B 1]
2 Ax 3 2 by
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2 Ax 2 Ay B
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Multiplying the Equations with

Finite-Element

m Integrate over the control volume

weight function, W = w(x,y)

0H, 0E,,
dH, 0E, f (W— + ew —) dxdy = 0
wW—+ew——=10 ox ay
d0x dy T
OE,, N J0H, 0 j 0E,, y . 0H, dxd 0
w— = - — =
d0x H dy W 0x Hw dy Xy =
T
'l Weak formulation (integration by parts from step (ii))
ow ow ow aw
f/(HZ dy — €E,, dx) — f <HZ— + €E,, —) dxdy =0 I::> j (HZ >dxdy =0
d0x dy ay
aT T T
ow ow (')W 6
i}[(Eydy — pH,dx) —j <Eya + uH, E) dxdy =0 [ > j (Ey 25 >dxdy =0
T T

Conserved variables as interpolating
basis function

Eiy(x,y) = Eii(x,y)
Hiy(x,y) = Hizi(x,y)
Y, B
H;, W—dxdy + Ejy swa—dxdy =0
T T Y
e
iy [ Wil o [t axay =
T T

Galerkin’s approach : weight function same as the
basis function w(x,y) = Y; (x,y)

Hizflpja

0x

eY; alpl dxdy =0

i dxdy + Ej, J
T

0Y;
lyjlp, > ldxdy+leJm/J] dxdy = 0
T
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' Example of Weak Formulation for Single Variable:

j < dxdy = j (wu g +wuyp)-ndl— j <u+ u> dxdy /ntegration by parts
T T a

lower the order of differential equation by 1

______________________________________________________________________________________________

The gradients of the local basis functions are always constant within each element.

j=3 o ( _
H;, ax Yijdxdy + €Ejy, —— 3y J Y;dxdy =0
=2 0,
! Eiy ax jl/)]dXdy + pHi, ayl Jr jdxdy =0
T
=1
1 (v, —y3) (3 —y1) V(Y1 —y2)] Hi, (x3 —x3) (xp —x3) (xp —xp)] (Ery
6 2—y3) 3—y1) (1—2) H2z} + [z —x3) (2 —x3) (xa—2x1)|{E2y =0
local 2—y3) 3—y1) 1 —y2)] Hs, (x3 —x3)  (xg —x3) (23 —x1)] (E3y
stiffness _ _
matrix 1 2 —y3) z—y1) 01—y (Ewy i (x5 —x3) (1 —x3) (x2 —x1)| (Hyy
3 02 =y3) 3=y 1=y |{E2yp+—[(x3—x3) (x1—x3) (x3 —xq) {sz =0
2—y3) (3—y1) 1 —y2)] (Ezy (x3 —x3) (x1—x3) (xz —xp)| \Hs,




Residual Distribution

—> N 1 —> N
Step 1 : Calculate flux residual @' = f}" ndl = > F - n; i=2
aT JET

Step 2 : Distribute the residual ~ ¢; = B/ ¢"

2=/&5'1]/‘"gﬁ6‘/[ J/a/&azjfgﬁe*/t

¢1 =0 ¢z =P2¢" P33 =p3¢" ¢p1=0 ;=0 3 =p5¢"

n+l1 _ . n __ "~

Uu; =U; S,
l

TeEUA;

Step 3 : Nodal update AT _—
S > Ble



The “steady” state governing equation is given by

0H, OE,
Ox + EE =0
0E 0H

y z
—2 =0
d0x TH dy

The “steady” state problem in RD is usually solved using pseudo-time iteration.
JE, 0H, JE,,

=0
0t * ox Te dy 0 (Ey> d (HZ> d (eEy>
0H, OE, 0H, 0T:\H,/:  0x:\Ey/:  0y:\uH,
+ + nu' = O — - -
dt  Ox dy U F G
conserved fluxes fluxes
variables

Let’s focus on LIDA scheme for hyperbolic system only. The distribution matrix is

+
BT = K—f
b Ljer K
where the inflow matrix is given as
1 oF (U aG (U 1 /en; n;
K. — (lex (0) ()>= ( jy Jx)

== =— +n; = =
72 ol Yo el 2\ ix Ky



The inflow matrix has to be determined whether in positive or negative

KE - —25lex( Njx Ny ) /1% 0 Ay — ENjy  —MNjx
J 2 /11 — &Ny /12 — &Ny 0 A% ENjy — /11 Njx

with the eigenvalues given as

(unyy +enyy) 5
— 2
2 S \/ (umjy — emjy )" + 4my?
nj, + &n; =
/12=('u]y2 JY)_|_5 2
The flux residual

M

1o . 1 L L
(I)T = EZT -n]- = EZ(n]xF(U) +Tl]yG(U))

F(0) = (F(0), (D)) F(U) = (Zy) 6(0) = (/ifly

Finally, the nodal update as

- SN
Ut = Ul = — z B; @T
l TeUA;



Finite-Volumse

j=4 j=5

The semi-discrete equation is given as

Si dT » Uj, N l]) +H(ul,u], u)] =0

JEUk;



where the numerical flux vectors are given as F = (F, G )

= Lo oy FO)-#E+F0)-wy 1|eF |- -
i H (U, Uy, 1i7) = () — 0 - =5 ﬁ‘"fj (U; - U;)
= Lo oy FO) AR+ FU)-w% 1|oF |- -
i H(U, Uj, 1) = ) — () ~-5 ﬁ'"@ (U = U3)

This is a first-order-accurate upwind scheme. To accomplish the summation, one has to
sum the numerical fluxes with all neighbouring nodes :

aSi - aSil U aSiz U GSB U 05i4 U 65i5 U 65i6



Finite Difference

Finite Volume

Finite Element

Residual
Distribution

Pseudo-time Beration

0By  Eyli+ L= Eyli— 1j]  Hyli,j+1] = Hyli,j — 1]

dt 2 Ax H 2 Ay =0
oH;, . H,[i + 1,71 — H,[i — 1,j] s gEy[i,j +1] - Eyli,j —1] )
ot 2 Ax 2 Ax B
du, .
¥n ) + Hug )] = 0
JEUk;
Y
Ly fl/)ldxdy Z Z( iz 5 + eE;,, ay]) 0
TEUA; jJET
Y Y
le‘dmy Z Z( v gy TH lZa_]> =0
TEUA; jJET Y
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Y Teua,; 24
i jET
K+ >, — HZ >, — EEy
T _ J) — —
BT — FO)=(52)  6@=(7)

+
2jer K Y



» The reason for using pseudo-time iteration to solve all the four numerical methods is to
allow a fair comparison in order-of-accuracy among them.

» (commonly seen for Finite Volume & Residual Distribution, but rarely used for Finite
Difference or Finite Element)

gecond-order-accurate
* Discretisation in differential form
e Central scheme

Finite Difference

Finite Volume » TFirSt-order-accurate
» Discretisation in integral form
* Upwind scheme

Finite Element - Gecond-order-accurate
» Discretisation in integral form
e Galerkin’s Central scheme

Residual - Gecond-order-accurate
Distribution » Discretisation in integral form
e Upwind scheme (LDA) ; central scheme (Lax-Wendroff)



+* The second-order finite-difference method is not diagonally dominant, it is not possible
to be solved by matrix inversion.

aﬂ+uaHz=0 = Ey[i-l—l,j]—Ey[i—l,j]_l_ Hz[i,j+1]—HZ[i,j—1]:O
ox = dy 2 Ax H 2 Ay
oH, OE, Hyli+1,j1—H,li — 1,71 Elij+ 11— Eyli,j — 1]
Y _0 —
Te = 2 Ax Te 2 Ax 0
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Nunerical Test

The fundamental mode m = 1 is used for the test case.

The modified “steady” state governing equation reads The pseudo-time technique
0E J0H JE
y z
— + =0 0
ax oy dt
J0H 0E 0H
Zte—2=0 = +e——==0
dx dy 0t
with the “steady” state analytical solution as
mmx
H,,(x,y) = B cos w,,y cos 7 Wy = ?
E. (xy) = B mm . mmnx
ym(X,y) = o L sin w,,y sin 7

The permittivity and permeability are set to be

permeability u=1.1
permittivity &e=1.1

If u =1.0and ¢ = 1.0,
for RR grid with Ax: Ay = 1:1,
exact solution will be recovered.




Initial Guess
OE, 10H, _

dy & 0x
0H, N 10E,
dy u 0x

Extending the discussions for 1D unsteady scalar
advection problem to 2D unsteady problem (by changing
t toy). e mimmiccool b

|
|
|
|
=0 i
|
|
|

Due to the symmetry of the RR grid, the initial guesses could be generated using Lax-

Wendroff Finite-Difference method (for coupled wave equation).
The bouwdwg conditions needeo

.. . 1 At . . . at least to perform the seconnl-
Ey [l’] + 1] = Ey [l’]] - E&‘T (H [l + 1’]] — H, [l o 1’]]) order-accurate nuwmerical scheme,
2
1( At . . .
+§(£Ax) (E i+ 1,71 = 2E,[i,j] + E,[i — 1,]])
- ., 1At . . . .
H,[i,j +1] = H,[i,j] — Em(Ey[l +1,j] - E)[i - 1,]])

1/ At 1 S i i 1
+§<8Ax> (H [l+ ]] Hz[l;]]‘l'Hz[l_ r]])



GContour & Vector Plot for LDA Scheme

Contour Plot for Ey

Vector Plot for (E , EZ)
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Vector Plot for (H , HZ)

t
t
!
!
}
%

et — a— = - - = = —- - - e ]
—— - - —_—— - - — ]
e o o e T R A S e ey gy e e o S e, o A A ]

I
0.5

et e — — - . e e =
b o o - o e e A A A = — - [

- — = - - - s e o w wm wm wm wm d— e A A d— = = = = = = a D e m e ]

LIS % R O N 5 O 5 PO 5 G P P O

I Residual Distribution LDA (40 x 40)
t
|
0
X

-0.5

Contour Plot for H,

Q
o
e

b4
Q
o
e
<L
(]
-

c

Q
=

=
L
o=
prar]
2
(]
©

=
=2

n

QO
o




-2.8

Grids vary from
40 X 40
to 100 x 100 |~

o
N

=
=

L2-Errors |

Finite Difference (1.99075) =
Residual Distribution LDA (1.90971) |
Residual Distribution LYV (1.95855)

Finite Element (1.95875)
Flnlte ‘v'olume (1 94318]

E | | | | | | | | || i | L i Fo i L i L i L |m
4—2 -1.95 -1.9 -1.85 -1.8 -1.75 -1.7 -1.65 -1.
dx




Drawback

** The pseudo-time iteration could not work unless the initial guesses for each node are
chosen properly (using Lax-Wendroff FD method).
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Hnite Harent Formuaion

Governing Equations:

0H, 0E,,
0x T ay =0
0E,, 0H,
ox iy ady =0

i)  Multiplying the Equations with weight function,

ii) Integrate over the control volume,

iii) Weak formulation,

iv) Conserved variables as interpolating basis function,

v)  Galerkin’s approach : weight function same as the basis function

ﬂ Weight function, w = w(x, y) m Integration over the control volume
oH,  OE, J J ( JE, ) J
— xdy =0
Y ox gy O dy
oE,, 0H, —0 oH, ed 0
0x dy ff W_+MWE xdy =

ﬂ Weak formulation (integration by parts from step (ii))

0k, ow
jf(w—+sw—>dxdy— jg(wH Ny + ewWE ny)dl ff( rm +£E a—)dxdy

0H, ow
ﬂ W—+‘HWE dxdy = %(WEynx+,uwH ny)dl ﬂ Y 3% +,u ay dxdy



ow 6
jé (szy—sEydx) —j Hza ay dxdy =0
aT T
fﬁ (E,dy — pH,dx) fEaW+ 1,2 dxdy = 0
afyy pzax yax.uzay xay =
T

The test function is equal to unity at node i but zero otherwise. Therefore, w = 0 along the boundary.

iv Conserved variables in terms of M wy) = W;(x,y)
basis interpolating function
oY oY B
Eyy(x,y) = Epyibi(x, ) Hiz | ¥i7, xay + By | ey ndxdy =0
Hi;(x,y) = Hiz; (x, y) r r

ow ow E. j¢.%dxdy+[-1. jm/)-%dxdy -0
Hisziadxdy-l_Eiyf&piEdXdy =0 lyT Loy lZT i ay

T

lyJIIJL Ax dxdy+lefﬂ¢l dxdy =0
T



Basis functions:

Area coordinate, L;f’ (x,y)

Li(x,y)

—_J

1/J]e(x,y) - A

e 1 A (e _ ze > =e
Li(x,y) = §Z° (75 —75) x ([ —71%)

1 - - - -

1§00 y) =52+ G = ) X G = 79)
e 1 A -e -e - -e
L5(x,y) = EZ' (77 =) X (F—17)

gradients of the Local Basis Functions:

ZXS]'
24

Vi (x,y) =

Total Aven of an Element:

AZEZ’\'§2X§3

ey -

1 - -
or Li(x,y) =5 (F = 7%1) - 2%

S; is the edge in the counter-clockwise direction
opposing node j

-

_ze
$j = Tj—1 7 Tj+a

and it is constant within each element.




Siffness Matrix:

H,, j ;=1 l/” dxdy + Ey, f - awf dxdy =0

T
¥; 0y,
Eyy ¢iﬁdxdy + Hy, #lpiﬁdm}’ =0
T

The gradients of the local basis functions are always constant within each element.

0Y; 0y,
Hiza_x]f lpld.X'dy + SEiya—ny l/)ldXdy =0
T T

0Y; 0Y;
Eiya_x]flliidxdy +HHiza—y]jl/)idXdy =0
T T

Evaluating (Gradients of Local Pasis | unctions: % 0Y;

dx 0dy
Method 1: Using the definition 5 % 3
e _ z J
Vl/)] (xry) - ZA

. 1 ey 2
]=1 ngl:ﬁzxsl o X

1 Z X 1 = 0

—[~(y3 = y,)% + (x3 — x5)P] (x3 —x3)  (¥3

~ 24

—¥2)

O = N



j=2:

j=3:

1
Vi, =

Z X SZ f 5/\ ZA
=354 [—(y1 —¥3)% + (x1 — x3) 7] (x1 —x3) (y1—y3) O
1
Vs = z X S3 X Y% Z
=54 — [~ —y)X + (x3 — x1)F] (x—x1) (2—y1) O
o
dy
op;  0yY; 1 Y2 — V3 X3 — Xp
2 Y3 — W1 X1 — X3
24 24
3 Yi— )2 X, — Xq
24 2A




Evaluating (Gradients of Local Pasis [ unctions: % 0Y;
dx 0dy

Method 2: Coordinate transformation
P1=¢ Yo =1 Ys=1-§—1
(a) Express (x, y) -coordinate in terms of basis coordinate (11, Y, ¥3)
3 Ya=1-¢ -y, ==
X = Z xipi(€§,n) = x1P1 + x5 + xs@;/; (X1 — x3)P1 + (2 — x3)5 + x5
J=1 []

3
y = ZJ’jlpj(f» ) =y + Y20, +y30s = (1 — ¥ + (V2 — y3)P, + y3
=1

-----

(b) Express ( 2% 3y ) in terms of( 3% " on ) using chain rule
2} _aufox o) oy wh e o (ou) () (%
0§  0x 9¢& 9y 0¢ 0 ([ _ (9§ ogf)ox | _ )ox | _ J1 0
= o r =
Oy _ 0yjox 0yjay wj( [9x dy||%¥) ] op;
an  dx an | Ay on an on onl\ oy dy an

dx 0y dx dy
¢ 0¢ dL, 0L,

] = _ _ [(x1 —x3) (1 —y3)
dx dy Ox 0dy (X2 —x3) (V2 —y3)
on 0n oL, 0JL,

_ i v2—y3) (53— 3’1)]

s — ) (g — x3) Jl = (1 —x3)(y2 —¥3) — (2 — x3)(y1 — ¥3)

]—1



e e

aYe aye
(¢) Finding the derivatives ( id ﬂ) so that equation (2) is computable

A&’ an
Y =1 Y, =L, Y3=1-L1— L,
61/)5_61/15_1 61/)%_61/)5_0
0§ 0L, on 0L,
6¢§’_6¢§_0 6¢§_6¢§_1
0§ oL, on 0L,
Y3  0Ys 1 0Ys;  0yY5 1
0§ 0L, on 0L,
£ % V

(x3—x2) (r3—y2) Of=1[(x3—x)(y1 —y3) — (x1 —x3)(y3 — ¥2)12 = /1

(x1—x3) (1—y3) O

§1X§2=

(0P (091)

ox | _ 4 ) 0¢ _ 1102 —y) z—y)l My _ 1 ((2—y3)
< ops =) oYt (= IJI L — x3)  (xq — X3)] {0} 24 {(x3 —xz)}
falljzew (51/)26\

ox | _ =1 ) 08 | _ 1 [02—y3) (z—yI]p0y _ 1 ((y3—y1) -
{ 03 =/ Y3 (= |/ [(x3 —xz) (% —x3) {1} 24 {(x1 - x3)}
L 9y vy
(9y¢) (095

Ox | _ 1) 05 | _1102—y3) z—y)l—-1_ 1 (1—v2)
< 03 (=7 Y3 (= /1 [(x3 —xz2) (%1 — x3)] {—1} 24 {(xz - xl)}
L 9Y ) L 91




Evaluating ]nteg{ral of Pasis [Tunctions: f lpjdXdy
T

Method 1: Direct integration
1 1-L Y =1
2
H ;dxdy = 24 j f L; dLydL, V2 = Lo
T L,=0L;=0 Y3=1-L1 - 1L,
1/,]. 24 U L]- dL,dL,
T
AR F(U-1)%  24[U)° 2()? . |P 24
L 24 j[ ; ] dL, = 24 jTZdL2=7[ ; = 22 +L2] ==
L2=0 L1=0 L2=O 0
1 1 1
5 (Ly)*  (Lp)? 24
L,=0 L,=0 0
! 2 1-L, L 2
(L1) (1-1L,) 24
L3 2A j L1 - 2 - L1L2 dL2 = 2A (1 - Lz) - T - (1 - L2)L2 dL2 = ?
L2=0 L1=0 L2=O




Method 2: Exact integration formula

m!n!p!

dxdy = || L™LEIE dxdy =
Ulp’ g ﬂ ) e (m+n+p+2)!2A
T T

j W, f f LTLRLE dxdy
T
. L voor 24
(14+0+0+2)! 6
, L ovtor . _24
(0+1+0+2)! 6
0!0!1! 24
3 Ls 24 =—

O0+0+1+2)"" 6



Hoewvaues, Egavedors & Inflow Metrices for Residud Distribution

Governing Equations:

0H, OE .
o ey =0 i
N Y . Conserved variables, U = ( 3’)
JE, 0H, s H,
. TH =0
0x dy s
Fluxes:
>, — H 5o EE
-y ao=(
) =g, ) =(,4

Jacobian of Fluxes:
aﬁ(ﬁ) B (0 1) aé(ﬁ) _ (s 0)

oU 10 o \0 p

Hyperbolic System of Equations (with pseudo-time):

oU  aF(U) \ aG(U)

ar+ 0x dy 0
Inflow Matrix
1( oF(U aG(U Ry = Ny X + Mo
=170 2D o=t s
2 ou ou i=2
1({ aF(D) a6 (U)
_E(njx = +ley 6(7 )




Eigenvalues

_ enjy lex )
Let A= (lex un;,
The characteristic polynomial could be obtained by letting the determinant of A — Al equal to zero.
Ny, — A n;
detA—AD=| 7 o 1=0
W My — A

(enjy = A)(umjy = 2) = mjp® = 0
eun;y,® — Aunjy, — Aenjy, + A2 —np 2 =0

22+ (—unjy — enjy )A + (epnyy? — njy®) = 0

2
(unjy + en;y) N \/(/mjy +enyy)” — 4(eunyy? — njy?)
2 - 2

Lemma : The eigenvalues A is always real, A € R, such that the system of equations is hyperbolic.

Proof:

2
(lmjy + Snjy) - 4(5“”‘1'3/2 - nsz)
= pPn;, % + €%, % + 2uen;,® — dpengy,® + 4nj,?
= pPn;,® + €%n;y,® — 2uen;,® + 4n, 2

=|(unyy — E"J‘y)z +4n,° >0



Eigenvectors

\/ (umyy — emjy)” + amy,?
2 B 2

(A—A1,Dx%, =0
<enjy — A Njx >(x11) _ (0)
Njx UNjy, — A1 ) \X12 0
(enjy — Al)xll + njxx12 =0 o
NjxX1q + (Unjy — A1)x1, = 0 9
Equations (1) and (2) are to be fulfilled simultaneously if x;4 and x;, are chosen as
xi1 = (unyy — Ay
x1z = = (unyy — A1) (enyy — A1)
where we have made use of the substitution that
(unyy = A1) (emyy — A1) = nj,?

Since x;4 and x4, both contain (unjy — /11), thus they can be simplified as

* _( > )
1= — .
A —enyy,



The eigenvectors for 1, can be obtained using a similar way as

(A - 121)552 = (_))

Right—Eigenvectorg

The right-eigenvector is then given as

n n
> o Jx Jx
R=(%,%,) = (Al —&njy, Ay — enjy>

Leﬁ—Eigenvectors
The left-eigenvector is just the inverse of R, meaning that L = R~

det(R) = (Aanjx — enjxnyy ) — (Agnjx — enjemyy )

2
= —"fo (umjy — enjy)” + 4mj 2
= —26njx

L=R"1

= —26lex< N — /11 lex

2

_ (pmyy +enyy) 4

)
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