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 Dimensionless 2D Maxwell’s Equations

e The Numerical Solvers in Matrix Form

a) Residual Pistribution
b) Finite Volume
c¢) Finite €lgment

 Numerical Results
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Problems from previous presentation:

d  Inconsistency in dimension-

d Adding the pseudo-time to the equations might pose
some issues-

d  Galerkin’s finite-element method seems to work-



Dimensionless Equations

» Scaling of the 2D steady Maxwell's equations to its
dimensionless form

» The scaling version of analytical solution
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The Maxwell’s equation in 1D is given as

+ =0 1a
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+ =0 1b
ax, ot b

The subscript s denotes that those variables are having their corresponding physical units.

[x;] =m (metre)

[ts] = s (second)

[H,s] =Am™1 (Ampere per metre)
[Eys] =V m! (Volt per metre)



Introducing the scaled independent variables,

X = Zs 23 t = Et 2b
L s
Secondly, the vector fields are scaled as following:
Eys(x,t) = HyZE,(x,t) 2c
H,s(x,t) = HyH,(x, t) 2d

where H, is the reference magnetic field strength (4/m).

c is the speed of light in the medium where it propagates and Z is the intrinsic
impedance of the medium.




Substituting all the scaled quantities in equations (2) into equations (1), the 1D
Maxwell’s equations become a set of dimensionless equations
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Equations (4) when undergo mapping transformation, t — y gives

OH, )
(—H) = (SEH Z) 5y =0
1_ \2E, oH,
<ZHOZ> - +(,uLH) 5 =

By letting a = (HO/L) and b = (ﬁOZ/L), then we will have the simplified form of equations
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Remarks: 0x dy —

Variables with subscript s include their corresponding physical units : xg, ts, Eyg, Hys
Variables without subscript s are dimensionless scaled variables: x, t, E,,, H,
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Originally, the 1D Maxwell’s equations have the analytical solution of

mmxg

st(m) (x; t) = I:i()m COoS 7 COS Wy ts 6a
Hym mm | mmxg
E x,t) = sin sin w,, t 6b
ys(m)( ) e, I I mUs
where the angular frequency is given as
RN mode of propagation
\mcm

2.

Wm =

-]

By introducing the scaled variables in equations (2) and also the coordinate
transformation t — y, the dimensionless Maxwell’s equations have the analytical
solution of

H,m)(x, t) = cos(mmx) cos(mmy) 7a

Eym)(x, t) = sin(mmx) sin(mmy) 7b




Residual Distribution

» Basic of the RD scheme (pseudo-time)
> RD scheme in stiffness matrix form
> Quick view of the Jacobi's iteration
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Solving technique : pseudo-time iteration

Proposed by Jameson in 1991 at handling FV solver.
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Si—t+ Z ]BB'{(DT=O
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oU
S5+ Z BT &7 = 0
TeUA;



Pseudo-time lterations
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Scaled inward normals

Cell Residuals
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Labelling of global nodes around i = 0
ElementsT = A,B,C,D,E,F

Step 2 : Distribute residual

At
7k+1) _ () 2‘ T
U = - B; T

i
5 6 L TEUAi




Dimensionless 2D Steady Maxwell’s Equations

0H, JE,
aax+aw 0
OE 0H
y z
——+b =0
6x+ dy
7-F=0
al7+\7 F=0
ot 8=
oU -

F = zF(U)
= . (aH,
Fluxes [RAE (bEy

6@ = (47

<anjx Hyj + anijyj>

bnijyj + bnijZj



Solving using Jacobi’s method :

solve the system of equations without introducing pseudo-
0H 0E
aa—z + aa—y =0
* Y - z B @7 =0
baﬂ+ baHZ =0 | TeYA
d0x dy B
1 anj, anjy
< g=3Gw )
Inflow matrix i =7\bny,  bn,
TeUA; -|—[ng
1

+B§
+By
+BE

+BE

time

Conserved variables

Eyj
H, j

Uj_

Z B! &7 = {B4[K4 Uy + K{U; +K4U,

K5 U, + KEU, + K5 U]
KSUy + KSUs + K§ U,
K5 Uy + KR U, + K2Us
KEU, [+ KEUs + KEUg)

KE Uy |+ KEU + KU, |

J
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Mo = BEKg + BEKS + BKS + BoKS + BEKG + BIKG
M; = B K$ + BY K
M, = B§K5 + BEKS
M; = BGK5 + BGKS
M, = BGK§ + Bo K2
Mg = BEK? + BEIKE
M, = BEKE + B{KE




Jacoby' & Method

O Jacobi’s method is one of the simplest way to solve a matrix iteratively.
O Itis very useful especially in handling sparse matrix.
O Noinversion of matrix is involved.

To solve for i-th equation of linear system Ax = b:

X1 b4
X2 b,
azgp QAz1 Q3z A3z QAzq dzs Azel||X3[=|b3
. . . . . . . x4 b4
X5 bs
- 11LXg -b6—
Provided the diagonal term of the row a;; # 0
b n
i Aij%j
xi:_‘l'z(_ for i=0,1,2-,n
A = A
JE!
lterates the linear system numerically in k-counter, gives:
n (k—-1)
ORI N B or o
S or 1=0,12,--,n
Aji 4 Aii



Finite Volume

» Basic of the FV scheme (pseudo-time)
> FV scheme in stiffness matrix form
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Numerical flux for Finite Volume

Abauteinflovmetnix |A| =R |A| L
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to the right of edge 02
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Normal to the median dual cell
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peeudo-time iteration (5,7~ + . [H(U,, Uy, ily) + H(T, T, 75)] = 0

(steady) JEUEK;

Gk = G Z [H(T, U, 5% + H(T, U, %)) = 0

]EUkl




Jacobi’s iteration
(steady)

> A0, T, ) + H(T, U, 7)) =

JEUK;

2

1
+ —

_|_

1 [a(nél,y + n§1,y) a(néLx + n§1,x)

b(nél,x + ngl,x) b(nél,y + ngl,y)

'a(nézy + ngzly)

2 _b(néz,x + ngz,x)
1 _

2 _b("éax + ngS,x)

a(négly + n§3,y)

'a(nélhy + n§4,y)

_b (néél,x + ngél,x)

-a(nés,y + ngs,y)

_b(nés,x + ngs,x)

'a(néay + n§6’y)

_b(néax + n§6,x)

> [H(T, U, 7) + (T, T

a (néz,x + ngz,x) _

b(néz,y + ngz,y)_

a (n63,x + ngB,x) _

b(nSS,y + ngS,y)_

a(néél,x + ngél,x)_

b(néél,y + n§4,y)_

a(”és,x + ngs,x)_

b(nSS,y + "55,3/)_

a(nés,x + ngs,x)-

b("és,y + n§6,y)_

= (= 1 = (=
| @3 +(ED - 314t + 1t 1@ - 0)

= . 1 - —
(Ug + Uz) — > [|452| + |482|] (U2 —|Uy)
-, . 1 - -,
(Ug + Us) — > [|453| + |A8s|](Us —\Up)
-, . 1 - —
(Ug + Us) - > [|464] + |A84|](Us —|Up)
= R 1 R =
(Uo/+ Us) — 5 [|45s| + |4Gs|](Us —Uo)

— R 1 R =
(Uo + Us) — > [|4G6| + |A8s|](Us — Up) =0



Finite Element

> Fundamentals of FE method
> Classification of FE method



Linear interpolation
for P1 element

= approximate the function u(x, y) over
the triangle T as a linear plane.
= this linear plane is a combination of
three interpolating functions.
= The basis functions have the following
properties:
i. They arelinearin x and y inside
each element
cpjT(x, y) = ajT + bij + chy
ii. They equal to unity on one node
and vanish on the others
o] (xpy) =1
oi (x,y;))=0, Vi#j
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TEUA; JET
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JET



Step [ : Multiply by a weight function, w;(x, y)
wV-F=0

Step @ : Integrate over a triangular element T

waiv-z_”y’d{z:o
T

b a d
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T 7 —
2 zMJ. U; =0

TEUA; JET

(-

D DM U= (Mgl + il + miT

TEUA; jET + :Mg(_jo + M + M§ﬁ3]
+[M§ U, + M§U; + M§U,]

(MB Uy + MRU, + M2Us]
MET, + MET + MET,

M§Uy + MEUs + MU, |} =0

+ +

+

Likewise in the previous discussion, the stiffness matrix could be solved using
Jacobi’s iteration.




Overvrew of Finr

to-Lloment Method

Galerkin’s Approach

= Q)

Lalerkin's FE will be unstable in solving
fyperbolic system as it is a central

scheme. sup

[ﬂ[ﬂl‘ —

\

Lax-

Petrov- Galerkm s Approach

wl#:(p]

G (Streamline Upwind Petrov-Galerkin)
p— kT
(p]+05/1 Vo, = <p]+a—
ST
C h 5
a = 17 = Cl = 0
14]] | |
— h is the typical length
scale of the cell
Wendroff

if @« = At/2



Numerical Results

» Contour Plot
> L,-errors



Nuwerisad Set QIZ@

0H,  OE,
CIE-FQW_O
0E,  OH,
bﬁ+bay—0

The scaled advection speed are a = (HO/L) and b = (HOZ/L).
Settinga =1.0,b = 1.0

RR-Grid

To avoid the advection direction to fall along the

diagonal of the mesh (where RD recovers its

exact solution), the skewness of the grid is set
to be

Ax:Ay = 2:1




Explicit LDA (Ey : 100x100 grid

L)

Finite Volume (Ey : 100x100 grid [Finite Volume (Hz : 100x100 grid

-




L,-errors Plot
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Conclusions

Schemes Order-of-Accuracy
RD (LDA) 1.8906

RD (Lax-Wendroff) 2.00802

15t Order Finite Volume 0.992541

Finite Element (Galerkin’s) Diverging

Finite Element (SUPG) 1.97135

Inconsistency in dimension-
by scaling the equation to its dimensionless form-
Adding the pseudo-time to the equations might pose
some issues:
use Jacobi’s iteration
Galerkin’s finite-element method seems to work-
the solution by Jacobi’s iteration shows that
Galerkin’s approach fails: SUPG works on the other
hand-
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