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𝛻𝛻 � 𝐸𝐸 =
𝜌𝜌
𝜀𝜀

𝛻𝛻 � 𝐻𝐻 = 0

𝛻𝛻 × 𝐸𝐸 = −𝜇𝜇
𝜕𝜕𝐻𝐻
𝜕𝜕𝜕𝜕

𝛻𝛻 × 𝐻𝐻 = 𝐽𝐽 + 𝜀𝜀
𝜕𝜕𝐸𝐸
𝜕𝜕𝜕𝜕

(Gauss Law)

(Faraday’s Law)

(Amperè’s Law with Maxwell’s correction)

1

2

3

4

Governing Equations – Maxwell’s Equations



𝛻𝛻 × 𝐸𝐸 = −𝜇𝜇
𝜕𝜕𝐻𝐻
𝜕𝜕𝜕𝜕

𝛻𝛻 × 𝐻𝐻 = 𝐽𝐽 + 𝜀𝜀
𝜕𝜕𝐻𝐻
𝜕𝜕𝜕𝜕

𝜕𝜕𝐸𝐸𝑥𝑥
𝜕𝜕𝜕𝜕

−
1
𝜀𝜀

𝜕𝜕𝐻𝐻𝑧𝑧
𝜕𝜕𝜕𝜕

= 0

𝜕𝜕𝐸𝐸𝑦𝑦
𝜕𝜕𝜕𝜕

−
1
𝜀𝜀

−
𝜕𝜕𝐻𝐻𝑧𝑧
𝜕𝜕𝑥𝑥

= 0

𝜕𝜕𝐻𝐻𝑧𝑧
𝜕𝜕𝜕𝜕

+
1
𝜇𝜇

𝜕𝜕𝐸𝐸𝑦𝑦
𝜕𝜕𝑥𝑥

−
𝜕𝜕𝐸𝐸𝑥𝑥
𝜕𝜕𝜕𝜕

= 0

TE mode

𝜕𝜕𝐻𝐻𝑥𝑥
𝜕𝜕𝜕𝜕

−
1
𝜀𝜀

−
𝜕𝜕𝐸𝐸𝑧𝑧
𝜕𝜕𝜕𝜕

= 0

𝜕𝜕𝐻𝐻𝑦𝑦
𝜕𝜕𝜕𝜕

−
1
𝜀𝜀

𝜕𝜕𝐸𝐸𝑧𝑧
𝜕𝜕𝑥𝑥

= 0

𝜕𝜕𝐸𝐸𝑧𝑧
𝜕𝜕𝜕𝜕

−
1
𝜇𝜇

𝜕𝜕𝐻𝐻𝑦𝑦
𝜕𝜕𝑥𝑥

−
𝜕𝜕𝐻𝐻𝑥𝑥
𝜕𝜕𝜕𝜕

= 0

TM mode

The Hyperbolic Maxwell’s Equations

Dynamic

𝑥𝑥

𝜕𝜕
𝑧𝑧

Tranverse Electric (TE) : 𝐸𝐸𝑧𝑧 = 0 Tranverse Magnetic (TM) : 𝐻𝐻𝑧𝑧 = 0



𝜕𝜕𝑈𝑈
𝜕𝜕𝜕𝜕

+ 𝒜𝒜 � 𝛻𝛻𝑈𝑈 = 0

𝒜𝒜𝑥𝑥 =

0 0 0

0 0 −
1
𝜇𝜇

0 −
1
𝜀𝜀

0

𝜕𝜕𝑈𝑈
𝜕𝜕𝜕𝜕

+ 𝛻𝛻 � ℱ = 0

𝒜𝒜𝑦𝑦 =

0 0
1
𝜇𝜇

0 0 0
1
𝜀𝜀

0 0

𝒜𝒜𝑥𝑥 =

0 0 0

0 0
1
𝜀𝜀

0
1
𝜇𝜇

0

𝒜𝒜𝑦𝑦 =

0 0 −
1
𝜀𝜀

0 0 0

−
1
𝜇𝜇

0 0

TE mode

TM mode

Characteristic Speed



Electric field Magnetic field
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𝐸𝐸𝑛𝑛

(1) Finite-Difference Time-Domain (FDTD) – K. S. Yee (1966)

𝑥𝑥

𝜕𝜕

𝑧𝑧

Leapfrog 
time-
integration

along edge center at face center

𝐻𝐻𝑧𝑧
𝑛𝑛+12 𝑖𝑖 + 1

2 , 𝑗𝑗 + 1
2 , 𝑘𝑘 + 1 − 𝐻𝐻𝑧𝑧

𝑛𝑛−12 𝑖𝑖 + 1
2 , 𝑗𝑗 + 1

2 , 𝑘𝑘 + 1
∆𝜕𝜕

= −
1
𝜇𝜇
𝐸𝐸𝑦𝑦𝑛𝑛 𝑖𝑖 + 1, 𝑗𝑗 + 1

2 , 𝑘𝑘 + 1 − 𝐸𝐸𝑦𝑦𝑛𝑛 𝑖𝑖, 𝑗𝑗 + 1
2 , 𝑘𝑘 + 1

∆𝑥𝑥
−
𝐸𝐸𝑥𝑥𝑛𝑛 𝑖𝑖 + 1

2 , 𝑗𝑗 + 1,𝑘𝑘 + 1 − 𝐸𝐸𝑥𝑥𝑛𝑛 𝑖𝑖 + 1
2 , 𝑗𝑗, 𝑘𝑘 + 1

∆𝜕𝜕

𝐻𝐻𝑧𝑧 𝑖𝑖 +
1
2

, 𝑗𝑗 +
1
2

, 𝑘𝑘 + 1
𝐸𝐸𝑦𝑦 𝑖𝑖 + 1, 𝑗𝑗 +

1
2

, 𝑘𝑘 + 1

𝐸𝐸𝑦𝑦 𝑖𝑖, 𝑗𝑗 +
1
2

, 𝑘𝑘 + 1

𝐸𝐸𝑥𝑥 𝑖𝑖 +
1
2

, 𝑗𝑗 + 1, 𝑘𝑘 + 1

𝐸𝐸𝑥𝑥 𝑖𝑖 +
1
2

, 𝑗𝑗, 𝑘𝑘 + 1

The information of 𝐸𝐸𝑥𝑥, 𝐸𝐸𝑦𝑦 and 𝐸𝐸𝑧𝑧 would not collocate on the same points..



(2) Finite-Element

Nodal element

= + +

𝐸𝐸ℎ 𝑥𝑥,𝜕𝜕, 𝜕𝜕 = �
𝑗𝑗∈𝑇𝑇𝑒𝑒

𝐸𝐸𝑗𝑗(𝜕𝜕)𝜓𝜓𝑗𝑗(𝑥𝑥,𝜕𝜕)

Every electric field node is contained within the volume of an element in the magnetic field 
grid, and every magnetic field node is contained within the volume of an element in the 
electric field grid.

𝐻𝐻ℎ 𝑥𝑥, 𝜕𝜕, 𝜕𝜕 = �
𝑗𝑗∈𝑇𝑇ℎ

𝐻𝐻𝑗𝑗(𝜕𝜕)𝜙𝜙𝑗𝑗(𝑥𝑥, 𝜕𝜕)

A. C. Cangellaris et al (1987)



Nédélev element (1981) / edge element / vector element
in electrodynamics by A. Bossavit and I. Mayergoyz (1989)

𝐸𝐸ℎ 𝑥𝑥, 𝜕𝜕, 𝜕𝜕 = �
𝑗𝑗∈𝑇𝑇

𝐸𝐸𝑗𝑗(𝜕𝜕)𝑁𝑁𝑗𝑗(𝑥𝑥, 𝜕𝜕)

𝑁𝑁1(𝑥𝑥, 𝜕𝜕) 𝑁𝑁2(𝑥𝑥, 𝜕𝜕) 𝑁𝑁3(𝑥𝑥, 𝜕𝜕)
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𝑂𝑂 ∆𝜕𝜕2

𝜕𝜕
𝜕𝜕𝜕𝜕

�
𝑉𝑉𝑖𝑖

𝐵𝐵 + �
𝑘𝑘=1

𝑁𝑁𝑖𝑖

�
𝜕𝜕𝑉𝑉𝑖𝑖

𝑘𝑘

𝐸𝐸 � 𝜏𝜏𝑖𝑖𝑘𝑘 = 0

𝑖𝑖

𝑗𝑗

𝜕𝜕
𝜕𝜕𝜕𝜕

�
𝜕𝜕𝐷𝐷𝑗𝑗

𝑙𝑙

𝐸𝐸 � �⃗�𝜐𝑗𝑗𝑙𝑙 − 𝑐𝑐2 �
𝜕𝜕𝐷𝐷𝑗𝑗

𝑙𝑙

𝛻𝛻𝐵𝐵 � 𝜏𝜏𝑗𝑗𝑙𝑙 = 0

�
𝑖𝑖=1

𝑁𝑁𝑗𝑗

�
𝜕𝜕𝐷𝐷𝑗𝑗

𝑙𝑙

𝐸𝐸 � �⃗�𝜐𝑗𝑗𝑙𝑙 =
1
𝜀𝜀
�
𝐷𝐷𝑗𝑗

𝜌𝜌

𝛻𝛻𝐵𝐵 � 𝜏𝜏𝑗𝑗𝑙𝑙
𝐸𝐸 � �⃗�𝜐𝑗𝑗𝑙𝑙

𝐸𝐸 � 𝜏𝜏𝑖𝑖𝑘𝑘

(3) Finite-Volume Time-Domain by F. Hermerline (1993)

(1)

(2)

(3)



∆𝑈𝑈𝐶𝐶 =
∆𝜕𝜕
𝑆𝑆𝑇𝑇

�
𝑗𝑗=1

4

�⃗�𝐹𝑗𝑗 � 𝑛𝑛𝑗𝑗 ∆�⃗�𝐹𝐶𝐶 =
𝜕𝜕𝑓𝑓
𝜕𝜕𝑈𝑈

∆𝑈𝑈𝐶𝐶 ∆�⃗�𝐺𝐶𝐶 =
𝜕𝜕�⃗�𝑔
𝜕𝜕𝑈𝑈

∆𝑈𝑈𝐶𝐶

𝛿𝛿𝑈𝑈1 = �
𝑚𝑚=1

4

𝛿𝛿𝑈𝑈1 𝑚𝑚

𝛿𝛿𝑈𝑈1 𝐶𝐶 =
1
4
∆𝑈𝑈𝐶𝐶 − ∆𝑓𝑓𝐶𝐶 − ∆�⃗�𝑔𝐶𝐶

𝛿𝛿𝑈𝑈2 𝐶𝐶 =
1
4
∆𝑈𝑈𝐶𝐶 − ∆𝑓𝑓𝐶𝐶 + ∆�⃗�𝑔𝐶𝐶

𝛿𝛿𝑈𝑈3 𝐶𝐶 =
1
4
∆𝑈𝑈𝐶𝐶 + ∆𝑓𝑓𝐶𝐶 + ∆�⃗�𝑔𝐶𝐶

𝛿𝛿𝑈𝑈4 𝐶𝐶 =
1
4
∆𝑈𝑈𝐶𝐶 + ∆𝑓𝑓𝐶𝐶 − ∆�⃗�𝑔𝐶𝐶

∆𝑓𝑓𝐶𝐶 =
∆𝜕𝜕
𝑆𝑆𝑇𝑇

∆�⃗�𝐹𝐶𝐶∆𝜕𝜕𝑙𝑙 + ∆�⃗�𝐺𝐶𝐶∆𝑥𝑥𝑙𝑙 ∆�⃗�𝑔𝐶𝐶 =
∆𝜕𝜕
𝑆𝑆𝑇𝑇

∆�⃗�𝐹𝐶𝐶∆𝜕𝜕𝑚𝑚 + ∆�⃗�𝐺𝐶𝐶∆𝑥𝑥𝑚𝑚

𝛿𝛿𝑈𝑈 =
𝜕𝜕𝑈𝑈
𝜕𝜕𝜕𝜕

𝑛𝑛

∆𝜕𝜕 +
𝜕𝜕2𝑈𝑈
𝜕𝜕𝜕𝜕2

𝑛𝑛
∆𝜕𝜕2

2
+ 𝑂𝑂 ∆𝜕𝜕3

𝛿𝛿𝑈𝑈 = −
𝜕𝜕𝑓𝑓
𝜕𝜕𝑥𝑥

+
𝜕𝜕�⃗�𝑔
𝜕𝜕𝜕𝜕

𝑛𝑛

∆𝜕𝜕 + 𝑂𝑂 ∆𝜕𝜕2

by Deore and Chatterjee (2010)

𝐴𝐴

𝐵𝐵

𝐶𝐶

𝐷𝐷

1

2 3

4

Interchanging of time-
derivative with spatial 
derivative

Discrete 
numerical flux

Unsteady fluxes

Second-order correction

Implicit Nodal Update



𝑗𝑗

𝑖𝑖

𝑆𝑆∆𝑖𝑖
𝐻𝐻𝑖𝑖
𝑛𝑛+12 − 𝐻𝐻𝑖𝑖

𝑛𝑛−12

∆𝜕𝜕
+ �

𝑗𝑗=1

3

𝑛𝑛∆𝑖𝑖
𝑗𝑗 ℱ𝑖𝑖

𝐸𝐸𝑖𝑖𝑛𝑛 + 𝐸𝐸𝑗𝑗𝑛𝑛

2
= 0

𝐻𝐻𝑛𝑛+12

𝐻𝐻𝑛𝑛−12

𝐸𝐸𝑛𝑛

𝑂𝑂 ∆𝜕𝜕2

𝑗𝑗 = 1

𝑛𝑛∆𝑖𝑖
𝑗𝑗

𝑆𝑆∆𝑖𝑖
𝐸𝐸𝑖𝑖𝑛𝑛 − 𝐸𝐸𝑖𝑖𝑛𝑛−1

∆𝜕𝜕
+ �

𝑗𝑗=1

3

𝑛𝑛∆𝑖𝑖
𝑗𝑗 ℱ𝑖𝑖

𝐻𝐻𝑖𝑖
𝑛𝑛−12 + 𝐻𝐻𝑗𝑗

𝑛𝑛−12

2
= 0

ℱ𝑖𝑖 =
𝐸𝐸𝑖𝑖𝑛𝑛 + 𝐸𝐸𝑗𝑗𝑛𝑛

2

ℱ𝑖𝑖 =
𝐻𝐻𝑖𝑖
𝑛𝑛−12 + 𝐻𝐻𝑗𝑗

𝑛𝑛−12

2

by Remaki (1999), S. Piperno and Remaki (2002)



𝑗𝑗

𝑖𝑖 𝑈𝑈𝑖𝑖
𝑛𝑛+12 �⃗�𝑋𝛤𝛤 = 𝑈𝑈𝑖𝑖𝑛𝑛 +

𝜕𝜕𝑈𝑈𝑖𝑖𝑛𝑛

𝜕𝜕�⃗�𝑥
�⃗�𝑋𝛤𝛤 − �⃗�𝑋𝑖𝑖 −

∆𝜕𝜕
2

𝒜𝒜𝑥𝑥
𝜕𝜕𝑈𝑈𝑖𝑖𝑛𝑛

𝜕𝜕𝑥𝑥
+ 𝒜𝒜𝑦𝑦

𝜕𝜕𝑈𝑈𝑖𝑖𝑛𝑛

𝜕𝜕𝜕𝜕

𝑈𝑈𝑗𝑗
𝑛𝑛+12 �⃗�𝑋𝛤𝛤 = 𝑈𝑈𝑗𝑗𝑛𝑛 +

𝜕𝜕𝑈𝑈𝑗𝑗𝑛𝑛

𝜕𝜕�⃗�𝑥
�⃗�𝑋𝛤𝛤 − �⃗�𝑋𝑗𝑗 −

∆𝜕𝜕
2

𝒜𝒜𝑥𝑥
𝜕𝜕𝑈𝑈𝑗𝑗𝑛𝑛

𝜕𝜕𝑥𝑥
+ 𝒜𝒜𝑦𝑦

𝜕𝜕𝑈𝑈𝑗𝑗𝑛𝑛

𝜕𝜕𝜕𝜕

𝜕𝜕𝑈𝑈𝑛𝑛

𝜕𝜕�⃗�𝑥
= 𝑈𝑈1,⋯ ,𝑈𝑈𝑚𝑚 𝑋𝑋𝑇𝑇 𝑋𝑋𝑋𝑋𝑇𝑇

−1 𝑆𝑆∆𝑖𝑖
𝑈𝑈𝑖𝑖𝑛𝑛+1 − 𝑈𝑈𝑖𝑖𝑛𝑛

∆𝜕𝜕
+ �

𝑗𝑗=1

3

𝑛𝑛∆𝑖𝑖
𝑗𝑗 ℱ𝑖𝑖

𝑗𝑗 = 0

ℱ = 𝒜𝒜+𝑈𝑈𝑖𝑖 + 𝒜𝒜−𝑈𝑈𝑗𝑗

𝑗𝑗
𝑖𝑖

Van Leer’s spatial approximation

Lax-Wendroff time-integration

Gradient calculation Godunov Method

by T. Z. Ismagilov (2016)





𝑈𝑈ℎ 𝑥𝑥,𝜕𝜕, 𝜕𝜕 = �
𝑗𝑗∈𝑇𝑇

𝑈𝑈𝑗𝑗(𝜕𝜕)𝜓𝜓𝑗𝑗(𝑥𝑥,𝜕𝜕)

𝛻𝛻𝜓𝜓𝑗𝑗 𝑥𝑥, 𝜕𝜕 =
𝑛𝑛𝑗𝑗

2𝑆𝑆𝑇𝑇

𝛻𝛻𝑈𝑈ℎ 𝑥𝑥, 𝜕𝜕, 𝜕𝜕 = �
𝑗𝑗∈𝑇𝑇

𝑈𝑈𝑗𝑗 𝜕𝜕 𝛻𝛻𝜓𝜓𝑗𝑗 𝑥𝑥, 𝜕𝜕 = �
𝑗𝑗∈𝑇𝑇

𝑛𝑛𝑗𝑗
2𝑆𝑆𝑇𝑇

𝑈𝑈𝑗𝑗 𝜕𝜕

Lagrange’s Interpolation Function



𝛷𝛷 𝑇𝑇 = �
𝜕𝜕𝑇𝑇

ℱ � 𝑑𝑑𝑙𝑙 ≅
1
2
�
𝑗𝑗∈𝑇𝑇

ℱ𝑗𝑗 � 𝑛𝑛𝑗𝑗 𝛷𝛷 𝑇𝑇 = �
𝑇𝑇

𝛻𝛻 � ℱ𝑑𝑑𝑑𝑑 ≅�
𝑗𝑗∈𝑇𝑇

𝐾𝐾𝑗𝑗𝑈𝑈𝑗𝑗

𝑈𝑈𝑖𝑖𝑛𝑛+1 = 𝑈𝑈𝑖𝑖𝑛𝑛 −
∆𝜕𝜕
𝑆𝑆𝑖𝑖

�
𝑇𝑇∈∪∆𝑖𝑖

𝐵𝐵𝑖𝑖𝑇𝑇𝛷𝛷𝑗𝑗𝑇𝑇

�
𝑇𝑇∈∪∆𝑖𝑖

�
𝑗𝑗∈𝑇𝑇

𝑀𝑀𝑖𝑖𝑗𝑗
𝑇𝑇 𝑑𝑑𝑈𝑈

𝑑𝑑𝜕𝜕 𝑗𝑗
+ 𝐵𝐵𝑖𝑖𝑇𝑇𝛷𝛷𝑇𝑇 = 0

𝛿𝛿𝑈𝑈
𝛿𝛿𝜏𝜏

+ �
𝑇𝑇∈∪∆𝑖𝑖

�
𝑗𝑗∈𝑇𝑇

𝑀𝑀𝑖𝑖𝑗𝑗
𝑇𝑇 𝑑𝑑𝑈𝑈

𝑑𝑑𝜕𝜕 𝑗𝑗
+ 𝐵𝐵𝑖𝑖𝑇𝑇𝛷𝛷𝑇𝑇 = 0

Flux Residual

Explicit scheme

Implicit scheme



𝐾𝐾𝑗𝑗
± =

𝑛𝑛𝑗𝑗
4

±𝑐𝑐𝜂𝜂𝑗𝑗𝑦𝑦2 ∓𝑐𝑐𝜂𝜂𝑗𝑗𝑥𝑥𝜂𝜂𝑗𝑗𝑦𝑦 −𝑐𝑐𝜂𝜂𝑗𝑗𝑦𝑦𝑍𝑍
∓𝑐𝑐𝜂𝜂𝑗𝑗𝑥𝑥𝜂𝜂𝑗𝑗𝑦𝑦 ±𝑐𝑐𝜂𝜂𝑗𝑗𝑥𝑥2 𝑐𝑐𝜂𝜂𝑗𝑗𝑥𝑥𝑍𝑍

−
𝑐𝑐𝜂𝜂𝑗𝑗𝑦𝑦
𝑍𝑍

𝑐𝑐𝜂𝜂𝑗𝑗𝑥𝑥
𝑍𝑍

±𝑐𝑐

𝐾𝐾𝑗𝑗 =
𝑛𝑛𝑗𝑗
2

0 0 −
𝜂𝜂𝑗𝑗𝑦𝑦
𝜀𝜀

0 0
𝜂𝜂𝑗𝑗𝑥𝑥
𝜀𝜀

−
𝜂𝜂𝑗𝑗𝑦𝑦
𝜇𝜇

𝜂𝜂𝑗𝑗𝑥𝑥
𝜇𝜇

0

TE mode

TM mode

𝐾𝐾𝑗𝑗 =
𝑛𝑛𝑗𝑗
2

0 0
𝜂𝜂𝑗𝑗𝑦𝑦
𝜇𝜇

0 0 −
𝜂𝜂𝑗𝑗𝑥𝑥
𝜇𝜇

𝜂𝜂𝑗𝑗𝑦𝑦
𝜀𝜀

−
𝜂𝜂𝑗𝑗𝑥𝑥
𝜀𝜀

0

𝐾𝐾𝑗𝑗
± =

𝑛𝑛𝑗𝑗
4

±𝑐𝑐𝜂𝜂𝑗𝑗𝑦𝑦2 ∓𝑐𝑐𝜂𝜂𝑗𝑗𝑥𝑥𝜂𝜂𝑗𝑗𝑦𝑦
𝑐𝑐𝜂𝜂𝑗𝑗𝑦𝑦
𝑍𝑍

∓𝑐𝑐𝜂𝜂𝑗𝑗𝑥𝑥𝜂𝜂𝑗𝑗𝑦𝑦 ±𝑐𝑐𝜂𝜂𝑗𝑗𝑥𝑥2 −
𝑐𝑐𝜂𝜂𝑗𝑗𝑥𝑥
𝑍𝑍

𝑐𝑐𝜂𝜂𝑗𝑗𝑦𝑦𝑍𝑍 −𝑐𝑐𝜂𝜂𝑗𝑗𝑥𝑥𝑍𝑍 ±𝑐𝑐

𝐾𝐾𝑗𝑗 =
𝑛𝑛𝑗𝑗
2
𝑅𝑅𝑅𝑅𝑅𝑅−1

𝑅𝑅 =
−𝑐𝑐 0 0
0 0 0
0 0 𝑐𝑐

𝐾𝐾𝑗𝑗
± =

𝑛𝑛𝑗𝑗
2
𝑅𝑅𝑅𝑅±𝑅𝑅−1

𝐾𝐾𝑗𝑗 =
𝑛𝑛𝑗𝑗
2

𝒜𝒜𝑗𝑗𝑥𝑥𝜂𝜂𝑗𝑗𝑥𝑥 + 𝒜𝒜𝑗𝑗𝑦𝑦𝜂𝜂𝑗𝑗𝑦𝑦 𝑘𝑘𝑗𝑗 =
1
2
𝜆𝜆 � 𝑛𝑛𝑗𝑗

𝑛𝑛𝑗𝑗 = 𝜂𝜂𝑗𝑗𝑥𝑥 𝑛𝑛𝑗𝑗 �𝑥𝑥 + 𝜂𝜂𝑗𝑗𝑦𝑦 𝑛𝑛𝑗𝑗 �𝜕𝜕

Flux Splitting Diagonalization



𝛻𝛻 � ℱℎ
𝑛𝑛+12 = −

𝜕𝜕𝑈𝑈ℎ
𝜕𝜕𝜕𝜕

𝑛𝑛+12

= −
𝜕𝜕𝑈𝑈ℎ
𝜕𝜕𝜕𝜕

𝑛𝑛

−
∆𝜕𝜕
2

𝜕𝜕2𝑈𝑈ℎ
𝜕𝜕𝜕𝜕2

𝑛𝑛

+ 𝑂𝑂 ∆𝜕𝜕2

= 𝛻𝛻 � ℱℎ
𝑛𝑛

+
∆𝜕𝜕
2
𝒜𝒜 � 𝛻𝛻

𝜕𝜕𝑈𝑈ℎ
𝜕𝜕𝜕𝜕

𝑛𝑛

+ 𝑂𝑂 ∆𝜕𝜕2

𝜕𝜕𝑈𝑈𝑖𝑖
𝜕𝜕𝜕𝜕

𝑛𝑛+12

=
𝑈𝑈𝑖𝑖𝑛𝑛+1 − 𝑈𝑈𝑖𝑖𝑛𝑛

∆𝜕𝜕
+ 𝑂𝑂 ∆𝜕𝜕2

𝑈𝑈𝑖𝑖𝑛𝑛+1 = 𝑈𝑈𝑖𝑖𝑛𝑛 −
∆𝜕𝜕
𝑆𝑆𝑖𝑖

�
𝑇𝑇∈∪∆𝑖𝑖

1
3
𝐼𝐼 +

∆𝜕𝜕
2𝑆𝑆𝑇𝑇

𝐾𝐾𝑖𝑖𝑇𝑇 𝛷𝛷𝑗𝑗𝑇𝑇

RD-Lax-Wendroff

Spatial flux residual

Time discretization

Distribution matrix



𝐵𝐵𝑗𝑗𝑇𝑇 = 𝐾𝐾𝑗𝑗+ �
𝑗𝑗∈𝑇𝑇

𝐾𝐾𝑗𝑗+
−1

�
𝑇𝑇∈∪∆𝑖𝑖

�
𝑗𝑗∈𝑇𝑇

𝑀𝑀𝑖𝑖𝑗𝑗
𝑇𝑇 𝑑𝑑𝑈𝑈

𝑑𝑑𝜕𝜕 𝑗𝑗
+ 𝐵𝐵𝑖𝑖𝑇𝑇𝛷𝛷𝑇𝑇 = 0

𝑀𝑀𝑖𝑖𝑗𝑗
𝑇𝑇 =

𝑆𝑆𝑇𝑇
4

2𝐵𝐵1𝑇𝑇 𝐵𝐵1𝑇𝑇 𝐵𝐵1𝑇𝑇

𝐵𝐵2𝑇𝑇 2𝐵𝐵2𝑇𝑇 𝐵𝐵2𝑇𝑇

𝐵𝐵3𝑇𝑇 𝐵𝐵3𝑇𝑇 2𝐵𝐵3𝑇𝑇

RD-LDA

Distribution matrix

Implicit nodal update

Mass matrix



𝑈𝑈ℎ 𝑥𝑥,𝜕𝜕, 𝜕𝜕 = �
𝑗𝑗∈𝑇𝑇

𝑈𝑈𝑗𝑗(𝜕𝜕)𝜓𝜓𝑗𝑗(𝑥𝑥,𝜕𝜕)

�
𝑇𝑇

𝜔𝜔𝑖𝑖𝐼𝐼
𝜕𝜕𝑈𝑈ℎ
𝜕𝜕𝜕𝜕

+ 𝛻𝛻 � ℱℎ 𝑑𝑑𝑑𝑑 = 0

�
𝑇𝑇

𝜔𝜔𝑖𝑖𝐼𝐼 �
𝑗𝑗∈𝑇𝑇

𝜕𝜕𝑈𝑈𝑗𝑗
𝜕𝜕𝜕𝜕

𝜓𝜓𝑗𝑗 + 𝒜𝒜 ��
𝑗𝑗∈𝑇𝑇

𝑈𝑈𝑗𝑗𝛻𝛻𝜓𝜓𝑗𝑗 𝑑𝑑𝑑𝑑 = 0

�
𝑇𝑇

𝜔𝜔𝑖𝑖𝐼𝐼 �
𝑗𝑗∈𝑇𝑇

𝜕𝜕𝑈𝑈𝑗𝑗
𝜕𝜕𝜕𝜕

𝜓𝜓𝑗𝑗 + 𝒜𝒜 ��
𝑗𝑗∈𝑇𝑇

𝑈𝑈𝑗𝑗𝛻𝛻𝜓𝜓𝑗𝑗 𝑑𝑑𝑑𝑑 = 0

𝐼𝐼 is the identity matrix.

𝐵𝐵𝑖𝑖𝑇𝑇 =
1
𝑆𝑆𝑇𝑇
�
𝑇𝑇

𝜔𝜔𝑖𝑖𝐼𝐼𝑑𝑑𝑑𝑑

�
𝑇𝑇∈∪∆𝑖𝑖

�
𝑗𝑗∈𝑇𝑇

𝜕𝜕𝑈𝑈𝑗𝑗
𝜕𝜕𝜕𝜕

�
𝑇𝑇

𝜔𝜔𝑖𝑖𝐼𝐼𝜓𝜓𝑗𝑗𝐼𝐼 𝑑𝑑𝑑𝑑 + �
𝑇𝑇∈∪∆𝑖𝑖

𝐵𝐵𝑖𝑖𝑇𝑇𝛷𝛷 𝑇𝑇 = 0

𝑀𝑀𝑖𝑖𝑗𝑗
𝑇𝑇

Where comes the mass-matrix?



�
𝑇𝑇∈∪∆𝑖𝑖

�
𝑗𝑗∈𝑇𝑇

𝑀𝑀𝑖𝑖𝑗𝑗
𝑇𝑇 𝑑𝑑𝑈𝑈

𝑑𝑑𝜕𝜕 𝑗𝑗
+ 𝐵𝐵𝑖𝑖𝑇𝑇𝛷𝛷𝑇𝑇 = 0

What can we do with the mass matrix?

�
𝑇𝑇∈∪∆𝑖𝑖

𝑆𝑆𝑇𝑇
𝐼𝐼

12

2 1 1
1 2 1
1 1 2

+ �
𝑇𝑇∈∪∆𝑖𝑖

𝐵𝐵𝑖𝑖𝑇𝑇𝛷𝛷𝑇𝑇 = 0 𝑈𝑈𝑖𝑖𝑛𝑛+1 = 𝑈𝑈𝑖𝑖𝑛𝑛 −
∆𝜕𝜕
𝑆𝑆𝑖𝑖

�
𝑇𝑇∈∪∆𝑖𝑖

1
3
𝐼𝐼 +

∆𝜕𝜕
2𝑆𝑆𝑇𝑇

𝐾𝐾𝑖𝑖𝑇𝑇 𝛷𝛷𝑗𝑗𝑇𝑇

The Lax-Wendroff scheme if viewed from the FE perspective, must also contains mass-matrix.

Row-Mass-Lumping

�
𝑇𝑇∈∪∆𝑖𝑖

𝑆𝑆𝑇𝑇𝐵𝐵𝑖𝑖𝑇𝑇
∆𝑈𝑈𝑖𝑖
∆𝜕𝜕

+ �
𝑇𝑇∈∪∆𝑖𝑖

𝐵𝐵𝑖𝑖𝑇𝑇𝛷𝛷𝑇𝑇 = 0

Applying the same row-mass-lumping concept to the upwind LDA scheme makes the 
scheme explicit.



�
𝑇𝑇∈∪∆𝑖𝑖

𝑆𝑆𝑇𝑇𝐵𝐵𝑖𝑖𝑇𝑇
𝑈𝑈𝑖𝑖𝑛𝑛+1 − 𝑈𝑈𝑖𝑖𝑛𝑛−1

∆𝜕𝜕
+ �

𝑇𝑇∈∪∆𝑖𝑖

𝐵𝐵𝑖𝑖𝑇𝑇𝛷𝛷𝑇𝑇 𝑈𝑈𝑖𝑖𝑛𝑛 = 0

�
𝑇𝑇∈∪∆𝑖𝑖

𝑆𝑆𝑇𝑇𝐵𝐵𝑖𝑖𝑇𝑇
𝑈𝑈𝑖𝑖
𝑛𝑛+12 − 𝑈𝑈𝑖𝑖𝑛𝑛

⁄∆𝜕𝜕 2
+ �

𝑇𝑇∈∪∆𝑖𝑖

𝐵𝐵𝑖𝑖𝑇𝑇𝛷𝛷𝑇𝑇 𝑈𝑈𝑖𝑖𝑛𝑛 = 0

�
𝑇𝑇∈∪∆𝑖𝑖

𝑆𝑆𝑇𝑇𝐵𝐵𝑖𝑖𝑇𝑇
𝑈𝑈𝑖𝑖𝑛𝑛+1 − 𝑈𝑈𝑖𝑖𝑛𝑛

∆𝜕𝜕
+ �

𝑇𝑇∈∪∆𝑖𝑖

𝐵𝐵𝑖𝑖𝑇𝑇𝛷𝛷𝑇𝑇 𝑈𝑈𝑖𝑖
𝑛𝑛+12 = 0

Second-order Time-Integration

Two-Stage Runge-Kutta Time-Integration



FDTD (Yee 1966)
FEM – staggered grid (1986) FEM – vector element (1989)

FVTD (Hermeline 1993) Cell-centered FVTD 
(Remaki 1999, 
Remaki & Piperno 2002)

Cell-centered FVTD 
(Ismagilov 2016)Vertex-based FVTD

(Deore & Chatterjee 2010)

Vertex-based RD

Spatial-
center

Spatial-
upwind
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